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IntrodutionBanah latties play an signiant role in the theory of ordered normedspaes. On the one hand, the lattie property as well as the lattie normproperty are quite natural postulations that are fullled by a wide rangeof important vetor spaes, suh as Lp spaes, C(Ω) spaes, c0 and manyothers. On the other hand, the rih order struture and the lose relationshipbetween order and norm allow a deep understanding of those spaes.As an example we want to mention the Dunford-Pettis-Property (shortDPP) of AM-spaes. A normed spae X is said to possess the Dunford-Pettis-Property, whenever fn(xn) → 0 holds for eah pair of sequenes (xn) ⊆
X and (fn) ⊆ X ′ that onverges weakly to zero in X and X ′, respetively.In the general ase of a normed spae X it is very diult to deide,whether X possesses the DPP (see e. g. [Die80℄, [CG94℄). The additionalorder and norm struture of a normed vetor lattie may help to answer thisquestion.1Theorem 1 (Grothendiek). Every AM-spae X has the Dunford-Pettis-Property.Given the two sequenes (xn) and (fn) as above, the idea of the proofis the following. Sine the seond dual spae X ′′ of X is an AM-spae withunit and the DPP of X ′′ imply the DPP of X, we may assume, that X is anAM-spae with unit e. We x some ε > 0 and take an element g ∈ X ′+ suhthat
∥∥(|fn| − g)+
∥∥ = (|fn| − g)+(e) ≤ ε. (1)The sequene (xn) is neessarily norm bounded, i. e. |xn| ≤ Me holds forsome onstant number M and all n ∈ N. Then the value of |fn(xn)| an beestimated by
|fn(xn)| ≤ |fn| (|xn|) = (|fn| − g)
+(|xn|) + (|fn| ∧ g) (|xn|)
≤ (|fn| − g)
+(Me) + g(|xn|),
(2)1The following theorems and the ideas of their proofs are oriented towards some re-sults and proofs that an be found in [AB85℄, setion 13 and setion 19. In partiular,Grothendieks theorem states even more, namely that also AL-spaes have the DPP.iii
whereas the rst summand (|fn|−g)+(Me) is bounded by Mε (see equation(1)) and the seond g(|xn|) tends to zero for n → ∞ sine (xn) onvergesweakly to zero and the lattie operations of AM-spaes are weakly sequentalyontinuous, what nishes the proof.Equation (1) as well as equation (2) make full use of the lattie operationsthat we have at our disposal in eah AM-spae. Moreover, also the nexttheorem, that guarantees the existene of some funtional g ∈ X ′+ thatsatises equation (1), is a lassial Banah lattie result.Theorem 2. Let S be a relatively weakly ompat subset of a Banah lattie
X. Then for eah ε > 0 and eah f ∈ X ′+ there exists some y ∈ X+ lyingin the ideal generated by S suh that f ((|x| − y)+) ≤ ε holds for all x in theonvex solid hull of S.For its appliation in the proof of Theorem 1 we have to realize, that theset S = {fn : n ∈ N} is relatively weakly ompat and the order unit e ∈ Xan be identied, in the natural way, with a funtional E in the seond dual
X ′′, whereas (|fn| − g)+(e) in equation (1) is to be read as E ((|fn| − g)+)for Theorem 2.Generally speaking Theorem 2 an be proved by applying two furtherBanah lattie results. The rst one says, that whenever U ⊆ X is a normbounded solid set, in our ase the solid hull of S, and f ∈ X ′ suh that
f(xn) → 0 holds for eah disjoint sequene (xn) ⊆ U , then for eah ε >
0 there exists some y ∈ X+ lying in the ideal generated by U suh that
f ((|x| − y)+) ≤ ε holds for all x ∈ S. The seond one guarantees theneessary presupposition to apply the rst result:Theorem 3. If S is a relatively weakly ompat subset of a Banah lattie,then every disjoint sequene in the solid hull of S onverges weakly to zero.We want to stop listing Banah lattie results at this point. Beside thefat, that the denition of the Dunford-Pettis-Property is managed withoutany order struture, we emphasize the following.
•Possibly many results formulated in the rih Banah lattie theory, suhas Theorem 2 and Theorem 3, do not depend on the property of the norm ona vetor lattie X to be a lattie norm, i. e. |x| ≤ |y| implies ‖x‖ ≤ ‖y‖ for
x, y ∈ X. In [BR84℄ the notions of an absolutely M -dominating positive oneand an absolutely M -monotone norm are introdued whih, in ombination,turn out to be a promising alleviation and generalization of the lattie normproperty for arbitrary ordered normed spaes.
• In [GK04℄ it is shown, that the notion of disjointness an be generalizedon a wide range of ordered vetor spaes under retention of many propertiesof disjoint elements, the disjoint omplement of a set, et. that are wellknown in the vetor lattie ase. In a similar manner, namely by replaingiv
suprema and inma of nite sets by sets of upper bounds and lower bounds,respetively, one an introdue the generalized modulus of an element andthe generalized solidness of subsets of suh ordered vetor spaes. So one mayask whether some generalized versions of Theorem 2, Theorem 3 and othervetor lattie results hold. Moreover, replaing the norm of the suprema oftwo elements by the inmum of the norms of all upper bounds leads to ageneralization of the M-norm property.In hapter 1 we introdue the neessary notation and glean the results,known from literature, that we need for our investigations. Whenever thedenitions or notations are not unitary in literature, we mainly follow thoseout of [Vul77℄, [Vul78℄ and [AB85℄. A entral eld of interest are the dualityresults of M. G. Krein and T. And. Sine they are strengthened in [BR84℄we will also introdue the notations of this artile that are preferred in whatfollows.In hapter 2 we turn towards the AM-spaes, that are known to be induality to AL-spaes. After a short review of these spaes we will have alook on (approximate) order unit spaes and (dual) base norm spaes, yetknown from [BR84℄ and [Ng69℄. These are ordered Banah spaes, that turnout to be AM- respetively AL-spaes in ase of a vetor lattie. Finally weintrodue an alternative generalization of the M-norm for arbitrary orderednormed spaes, the so alled m≤-norm. We larify the relation between orderunit norms, approximate order unit norms and m≤-norms and show that thisnorm possesses some useful properties and haraterizations.The main fous of this hapter will be set on duality relations. Weexamine the dual norm of an ordered normed spae with m≤-norm as wellas the primal norm in ase that the dual norm is m≤. In this ontext wealso have a look on ordered normed spaes of operators.The hapter 3 deals with some generalized notions of disjointness. Firstwe make some notes on the mentioned disjointness introdued in [GK04℄.The main point of interest will be laid on haraterizing disjoint elementsby means of speial sets of linear ontinuous funtionals. For that we willstudy total sets of positive funtionals, in partiular, when applied to disjointelements. It turns out, that among the total sets there are some sets thatare suitable to test elements on disjointness.In the hapter 4 we fous on normed pre-Riesz spaes. First we introduea anonial lattie norm on the Riesz ompletion of suh spaes and examinethe relation between these norms.A seond step will be to extend linear ontinuous funtionals on normedpre Riesz spaes to their normed Riesz ompletion. We diret our attentionto the order on the dual spae and point out, whih order properties an betransfered from the linear ontinuous funtionals to their extensions. In par-tiular, we onentrate on dereasing and inreasing sequenes, respetively,v
and on nets of funtionals.In the third setion of this hapter we apply the results we aquired in theprevious setions and hapters in order to generalize some well known resultsof the Banah lattie theory, in partiular, results about the onvergene ofdisjoint and dereasing sequenes.
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Chapter 1PreliminariesIn this setion we want to do the groundwork for later investigations inordered normed real vetor spaes. In partiular some basis of, and relationsbetween, norms and orderings on vetor spaes1 are realled.1.1 Ordered real vetor spaesA wide family of real vetor spaes possesses a natural ordering. In therst instane we introdue a basi terminology of ordered vetor spaes thatwill be used in what follows. We only glean some basi denitions andproperties and suggest for more information the literature, e. g. [Vul77℄,[Vul78℄, [Jam70℄ et. Issue at stake are the so alled pre-Riesz spaes. Lateron we will have some deeper look at this quite interesting topi. Very loselyrelated to the pre-Riesz spaes are the vetor latties, suh that we also makesome remarks on this lass of ordered vetor spaes.A real vetor spae X is said to be an ordered vetor spae (or shortordered spae), whenever it is equipped with a reexive, antisymmetri andtransitive binary relation ≤ that satises the following:1. If x ≤ y then x + z ≤ y + z for eah z ∈ X.2. If x ≤ y then λx ≤ λy for all λ ≥ 0.A non-empty subset K of a real vetor spae X is alled a wedge, if thefollowing holds:1. If x, y ∈ K then x + y ∈ K.2. If x ∈ K and λ ≥ 0 then λx ∈ K.A wedge K ⊆ X is alled a one if K additionally satises:1Sine we are only interested in real vetor spaes, no ambiguities should our if weshorten real vetor spae to vetor spae or even spae.1
1.1. Ordered real vetor spaes3. If x,−x ∈ K then x = 0.The notion of one and ordering are losely related. Indeed, if (X,≤)is an ordered vetor spae then the set of its positive vetors
X+ = {x ∈ X : 0 ≤ x}forms a one, whereas x ≤ y holds, if and only if y − x ∈ X+.Conversely, an ordering ≤ an be introdued on a real vetor spae Xwith the help of a one K ⊆ X via
x ≤ y ⇐⇒ y − x ∈ K,whereas K is exatly the set of positive elements X+ in the ordered spae
(X,≤).If no ambiguities appear we will shorten an ordered spae (X,≤) respe-tively (X,X+) to X.Some lasses of ordered vetor spaes will turn out to be very interestingand important for our investigations. Let X be an ordered vetor spae, X+its positive one.
• X is alled direted , whenever X = X+ − X+, i. e. every element of
X an be represented as the dierene of two positive vetors2. In this asethe positive one X+ is said to be reproduing or generating .
• X is alled Arhimedean if nx ≤ y for all n ∈ N and some y ∈ X imply
x ≤ 0.
• X possesses the Riesz Deomposition Property (or short RDP), if forany elements x1, x2, y1, y2 ∈ X with xi ≤ yj (i = 1, 2, j = 1, 2) there is avetor z, suh that xi ≤ z ≤ yi (i = 1, 2) holds.The following lemma presents some equivalent formulations of the RieszDeomposition Property that are sometimes used in literature to dene theRDP (see [Vul77, V℄ and [AB85, Theorem 1.15℄).Lemma 1.1.1. For an ordered spae X the following are equivalent.1. X possesses the Riesz Deomposition Property.2. If 0 ≤ y, xi for i = 1, . . . , n with y ≤ ∑ni=1 xi then there are suhelements 0 ≤ yi (i = 1, . . . , n) with
y =
n∑
i=1
yi
yi ≤ xi for i = 1, . . . , n.2Another but learly equivalent denition is: for any x ∈ X there exists an element
y ∈ X+ with x ≤ y.2
1.1. Ordered real vetor spaes3. If 0 ≤ yj, xi for i = 1, . . . , n and j = 1, . . . ,m with ∑mj=1 yj =∑ni=1 xithen there are suh elements 0 ≤ zij (i = 1, . . . , n, j = 1, . . . ,m) with
yj =
n∑
i=1
zij for j = 1, . . . ,m
xi =
m∑
j=1
zij for i = 1, . . . , n.Proof. 1=⇒ 2. We shall use indution. If n = 1, i. e. 0 ≤ y ≤ x1 then take
y1 = y and we are done.Let 0 ≤ y, xi for i = 1, . . . , n+1 with y ≤∑n+1i=1 xi =∑ni=1 xi+xn+1. Dueto [Vul77, Lemma V.1.1℄ there are elements 0 ≤ ỹ, yn+1 with yn+1 ≤ xn+1,
ỹ ≤
∑n
i=1 xi and ỹ + yn+1 = y.Therefore, from indution hypothesis, there are suh elements 0 ≤ yi(i = 1, . . . , n) with ỹ =∑ni=1 yi and yi ≤ xi for i = 1, . . . , n. Hene
y =
n∑
i=1
yi + yn+1 =
n+1∑
i=1
yi
yi ≤ xi for i = 1, . . . , n + 1.2=⇒ 1. Follows immediately from [Vul77, Lemma V.1.1℄ for n = 2.2=⇒ 3. This part of the proof follows the proof of [AB85, Theorem 1.15℄.Again we use indution, over m. For m = 1 take zi1 = xi (i = 1, . . . , n).If ∑m+1j=1 yj = ∑ni=1 xi for 0 ≤ xi, yj then ∑mj=1 yj ≤∑ni=1 xi. From ourassumption it follows, that there are 0 ≤ ui with
m∑
j=1
yj =
n∑
i=1
ui
ui ≤ xi for i = 1, . . . , n.Due to the indution hypothesis there are suh elements 0 ≤ zij (i =
1, . . . , n, j = 1, . . . ,m) with
yj =
n∑
i=1
zij for j = 1, . . . ,m
ui =
m∑
j=1
zij for i = 1, . . . , n.For i = 1, . . . , n let zi,m+1 = xi − ui ≥ 0. Then
m+1∑
j=1
zij =
m∑
j=1
zij + zi,m+1 = ui + xi − ui = xi 3
1.1. Ordered real vetor spaesfor eah 1 ≤ i ≤ n, as well as
n∑
i=1
zi,m+1 =
n∑
i=1
xi −
n∑
i=1
ui
=
n∑
i=1
xi −
m∑
j=1
yj
=
m+1∑
j=1
yj −
m∑
j=1
yj
= ym+1.3=⇒ 2. Let 0 ≤ y, xi for i = 1, . . . , n with y ≤ ∑ni=1 xi and u =∑n
i=1 xi− <≥ 0. By assumption there are elements 0 ≤ zij with
y =
n∑
i=1
zi1
u =
n∑
i=1
zi2
zi1 ≤ zi1 + zi2 = xi for i = 1, . . . , n.

• X is alled a pre-Riesz spae, if for any x, y, z ∈ X suh that if everyupper bound of {x + y, x + z} also is an upper bound of the set {y, z}, then
x ≥ 0, i. e.
{u ∈ X : x + y ≤ u, x + z ≤ u} ⊆ {u ∈ X : y ≤ u, z ≤ u} =⇒ x ∈ X+.
• X is alled a vetor lattie or a Riesz spae, if every non-empty nitesubset has a supremum.
• A vetor lattie X is said to be Dedekind omplete, whenever everynon-empty subset of X, that is order bounded from above, has a supremum.Let X be an ordered vetor spae. A subset D ⊆ X+ is said to be a baseof the one X+ whenever D is onvex and for every element x ∈ X+ \ {0}there is an unique number λx > 0, with λxx ∈ D.A subset S of an ordered spae is alled a hain, if it is totally ordered ,that means for every pair x, y ∈ S does either x ≤ y or y ≤ x hold.A subset S ⊆ X is said to be majorizing X, if for any x ∈ X there is anelement y ∈ S with x ≤ y.Clearly, a neessary and suient ondition for a subspae X of Y tomajorize Y is, that for every y ∈ Y there is x ∈ X with x ≤ y. Indeed, for4
1.1. Ordered real vetor spaesany y ∈ Y there is x̃ ∈ X with −y ≤ x̃. Then for x = −x̃ one has x ≤ y.The opposite diretion an be shown analogously.Let X and Y are two ordered spaes and T : X → Y a linear operator.
T is alled positive (written as T ≥ 0), if x ∈ X+ imply T (x) ∈ Y+.On page 2, the notion of a positive element of an ordered vetor spae isintrodued. The link to positive operators is as follows. If Z is a subspaeof the vetor spae of all linear operators T : X → Y , then, in many ases,the set Z+ of all positive operators in Z forms a one and hene makes Zto be an ordered vetor spae.
T is alled bi-positive, whenever x ∈ X+ ⇐⇒ T (x) ∈ Y+ for all x ∈ X,that means the positive elements of X are exatly these elements in X, thatare mapped into the one Y+.Order dense subspaesLet Y be an ordered vetor spae and X a majorizing subspae of Y . X isalled an order dense subspae of Y , if eah vetor y ∈ Y an be representedas
y = inf{x ∈ X : y ≤ x}.
X is order dense in Y if and only if for eah y ∈ Y the lowest upperbound sup{x ∈ X : y ≥ x} exists and is equal to y. Indeed, let X be orderdense in Y and y ∈ Y . By denition, inf{x ∈ X : − y ≤ x} exists and isequal to −y. If z ∈ Y is an upper bound of all x ∈ X with x ≤ y. Then
−z ≤ x for all −y ≤ x ∈ X and hene −z ≤ inf{x ∈ X : − y ≤ x} = −y,or equivalently y ≤ z. Sine z ∈ Y with z ≥ x for all y ≥ x ∈ X wasarbitrarily hosen, y is the lowest upper bound of the set {x ∈ X : y ≥ x},i. e. y = sup{x ∈ X : y ≥ x}. The opposite diretion an be provedanalogously.
X is alled an o-dense subspae of Y , if for any 0 < y ∈ Y there isa vetor x ∈ X, with 0 < x ≤ y. Note, that in the literature (see e. g.[LZ71℄ 21) an o-dense subspae X of Y is often alled order dense, but thedenitions of o-density and order density in our sense are not equivalent (seethe example on page 71). Nevertheless the following holds.Theorem 1.1.2. Let Y be an Arhimedean vetor lattie. Every majorizingo-dense subspae X of Y is order dense in Y .Proof. First let y be an element of Y+. We show, that y = sup{x ∈ X+ : x ≤
y}3.Assume by way of ontradition, that some z ∈ Y satises x ≤ z for eah
x ∈ X with 0 ≤ x ≤ y and y 6≤ z. Without loss of generality let z < y, sineotherwise replae z by inf{z, y}.3This part of the proof follows the proof of [AB85, Theorem 3.1℄. 5
1.1. Ordered real vetor spaesDue to the o-density of X in Y there exists some v ∈ X with 0 < v ≤ y−z.From v ≤ y − z ≤ y we see that v ≤ z, and so 0 < 2v = v + v ≤ y − z + z =
y. By indution, 0 < nv ≤ y holds for eah n ∈ N, ontraditing theArhimedean property of Y . Thus y = sup{x ∈ X : x ≤ y} holds.Now let y be an arbitrary element of Y . Sine X is majorizing, there is
−y ≤ x ∈ X. This means x + y = y1 ≥ 0. Then
y = y1 − x = sup{z ∈ X : z ≤ y1} − x
= sup{z − x ∈ X : z ≤ y1}
= sup{z̃ ∈ X : z̃ + x ≤ y1}
= sup{z̃ ∈ X : z̃ ≤ y1 − x}
= sup{z̃ ∈ X : z̃ ≤ y}.
Lemma 1.1.3. If X is an order dense subspae of the ordered vetor spae
Y , then
X is Arhimedean ⇐⇒ Y is Arhimedean.Proof. ⇐. Clear.
⇒. Let x, y ∈ Y with nx ≤ y for all n ∈ N. We will show, that thisinequality redues to one in the spae X.Assume x ≤ 0 does not hold. The order density of X in Y implies, thatthere exist a vetor x̃ ∈ X with x̃ 6≤ 0 and x̃ ≤ x. Indeed, otherwise for eah
z ≤ x one would have z ≤ 0 and then x = sup{z ∈ X : z ≤ x} ≤ 0.Sine X majorizes Y there is an element ỹ ∈ X with y ≤ ỹ. Then
nx̃ ≤ nx ≤ y ≤ ỹfor all n ∈ N, ontraditing that X is Arhimedean. Let X be an order dense subspae of Y and ∅ 6= S ⊆ X. In the followinglemma we will denote by infX{S} the inmum of S in X and by infY {S}the inmum of S in Y . Then the following holds.Lemma 1.1.4. Let X be an order dense subspae of a vetor lattie Y and
S ⊆ X. If infX{S} = x ∈ X, then the inmum of S in Y exists and
infY {S} = x.Proof. All we need to show is, that eah lower bound y of S in Y satises
y ≤ x. So let y ∈ Y with y ≤ z for all z ∈ S. If x̃ ∈ X with x̃ ≤ y then
x̃ ≤ z for all z ∈ S and hene x̃ ≤ infX{S} = x. Therefore y = sup{x̃ ∈
X : x̃ ≤ y} ≤ x. 6
1.1. Ordered real vetor spaesVetor lattiesLet X be a vetor lattie. Clearly every nite subset of X has also aninmum, where inf{xi : i = 1, . . . , n} = − sup{−xi : i = 1, . . . , n}. In parti-ular, every set in X onsisting of two elements possesses a supremum andan inmum, suh that the following (well known) notations are used. Thesupremum of two elements x, y ∈ X will be denoted by x ∨ y, the inmumby x ∧ y. For x ∈ X we all
• x+ = x ∨ 0 the positive part ,
• x− = −x ∨ 0 the negative part and
• |x| = (−x) ∨ x the modulusof x.Two elements x and y are alled disjoint and are denoted by x⊥y, when-ever |x| ∧ |y| = 0 holds. If S ⊆ X is a non-empty set, then the disjointomplement S⊥ of S is dened by S⊥ = {x ∈ X : x⊥y for all y ∈ S}.A subset S ⊆ X is alled solid , whenever x ∈ X, y ∈ S and |x| ≤ |y|imply x ∈ S.A solid subspae Y of X is alled an ideal (in X). The ideal generatedby a subset S ⊆ X is the intersetion of all ideals in X, that inlude S. Theideal YS generated by S turns out to be exatly the subspae
YS =
{
x ∈ X : ∃x1, . . . , xn ∈ S, 0 ≤ λ1, . . . , λn with |x| ≤ n∑
i=1
λi |xi|
}
.A linear operator T : X → Y between two vetor latties X and Y isalled a lattie homomorphism, if T (x∨ y) = T (x)∨T (y) holds for eah pair
x, y ∈ X. The operator T is alled lattie isomorphism, whenever T is anone-to-one, onto lattie homomorphism.Lemma 1.1.5. Let X and Y be two vetor latties and T : X → Y a linearoperator.1. If T is a one-to-one lattie homomorphism, then it is bi-positive.2. If T is bi-positive and T (X) is order dense in Y , then T is a lattiehomomorphism.Proof. 1. The relation T (x ∨ 0) = T (x) ∨ T (0) implies T (x+) = (T (x))+,what yields the assertion.2. Follows immediately from [Haa93, Theorem 2.11.℄ and [Haa93, Re-mark 2.2.℄. Vetor latties possess very useful properties, some of them are stated inthe following lemma. 7
1.1. Ordered real vetor spaesLemma 1.1.6. Let X be a vetor lattie. Then the following holds.1. X+ is reproduing, i. e. X direted.2. X possesses the Riesz Deomposition property.3. X is pre-Riesz.Proof. 1. Due to [AB85, Theorem 1.3-1℄ eah x ∈ X an be represented as
x = x+ − x−,where 0 ≤ x+, x−.2. Let x1, x2, y1, y2 ∈ X suh that x1, x2 ≤ y1, y2. Then z = x1 ∨ x2satises x1, x2 ≤ z ≤ y1, y2.3. Let x, y, z ∈ X suh that every upper bound of {x + y, x + z} is alsoan upper bound of {y, z}. Then, in partiular, y∨ z ≤ (y +x)∨ (z +x). Dueto [AB85, Theorem 1.2-3℄ (y + x)∨ (z + x) = x + (y ∨ z) holds and therefore
y ∨ z ≤ x + (y ∨ z), i. e. 0 ≤ x. Pre-Riesz spaesNow we deal with the following question. When an we treat a given orderedvetor spae X as an order dense subspae of some vetor lattie Y , i. e.whih onditions on X guarantee the existene of a vetor lattie Y and abi-positive linear embedding Φ: X → Y , suh that Φ(X) is order dense in
Y ? The answer of this question is given in [Haa93℄. There it is shown, thatthe pre-Riesz spaes turn out to be exatly those ordered vetor spaes weare looking for.Theorem 1.1.7 ([Haa93, van Haandel, Corollary 4.10℄). An orderedspae X is pre-Riesz if and only if there exist a vetor lattie Y and a bi-positive linear map Φ: X → Y , suh that Φ(X) is order dense in Y .In addition, the spae Y in the preeding theorem an be hosen min-imally, in the sense that Y an be seleted suh that there is no propersublattie Z of Y with the property that there is a linear bi-positive embed-ding of X into Z. In this ase, every element in Y an be written as thedierene of nite suprema of elements in X. More exatly we have:Theorem 1.1.8 ([Haa93, van Haandel℄). Let X be an ordered vetorspae. Then the following statements are equivalent.1. X is a pre-Riesz spae.2. There is a minimal vetor lattie X̺ and a bi-positive, linear (and heneone-to-one) mapping Φ: X → X̺, suh that Φ(X) is order dense in
X̺. For every y ∈ X̺ there are elements a1, . . . an ∈ X, b1, . . . bm ∈ X,suh that y = ∨ni=1 Φ(ai) −∨mj=1 Φ(bj).8
1.1. Ordered real vetor spaesFurthermore all vetor latties with the properties listed in item 2 areisomorph as vetor latties.Let X be a pre-Riesz spae and X̺ the minimal and up to isomorphismunique vetor lattie from Theorem 1.1.8-2. Then X̺ is alled the Rieszompletion of X. From now on we will treat X as a subspae of X̺, i. e. weidentify X with the subspae Φ(X) ⊆ X̺.Note the following two basi results on pre-Riesz spaes whih will beapplied frequently in later examinations.Theorem 1.1.9 ([Haa93, 1.7(ii)℄). Every Arhimedean vetor spae witha reproduing one is pre-Riesz.Theorem 1.1.10. Let X be a pre-Riesz spae. Then X+ is reproduing.Proof. For this proof we denote for a subset S ⊆ X by Su the set of all upperbounds of S in X, i. e. Su = {x ∈ X : x ≥ y for all y ∈ S}.Suppose, X+ is not reproduing. Then there is an element x ∈ X,that an not be represented as the dierene of two positive vetors. Inpartiular, x 6∈ X+, and onsequently {0, x}u = ∅. Furthermore {x, 2x}u = ∅holds (otherwise a − x ≥ 0 and a − 2x ≥ 0 ⇒ a − x ≥ x and onsequently
a−x ∈ {0, x}u). Now obviously {x, 2x}u = (x+{0, x})u ⊆ {0, x}u. However,
x is not positive and so (X,X+) is not pre-Riesz. Dedekind ompletionWe are also interested in the existene of the Dedekind ompletion Xδ of anordered vetor spae X, that means, a Dedekind omplete vetor lattie Xδand a linear bi-positive embedding Ψ: X → Xδ, suh that Ψ(X) is an orderdense subspae of Xδ and there is no proper Dedekind omplete subspae
Z of Xδ with Ψ(X) ⊆ Z (i. e. Xδ is minimal). From A. Yudin ([Yud41℄)it is known, that every Arhimedean vetor lattie X has its Dedekind om-pletion Xδ. The exat bounds in X are preserved in Xδ . Together withTheorem 1.1.9, Theorem 1.1.8 and Lemma 1.1.3 there follows, that for everyArhimedean ordered vetor spae X with a reproduing one X+ there area minimal vetor lattie X̺, the Dedekind ompletion (X̺)δ of X̺, andembeddings
X
Φ
→ X̺
Ψ
→ (X̺)δ ,suh that Φ and Ψ are linear and bi-positive. Moreover, X is order dense in
X̺ and X̺ is order dense in (X̺)δ. Consequently the embedding Φ◦Ψ: X →
Xδ is linear and bi-positive, X is order dense in (X̺)δ and (X̺)δ is minimalas a Dedekind omplete vetor lattie that ontains X. Indeed, assume
Z ⊆ (X̺)δ is a Dedekind omplete vetor lattie ontaining X. Then X̺∩Zis a vetor lattie that inludes X. Sine X̺ is minimal, X̺ ⊆ Z follows and9
1.2. Topologial vetor spaesonsequently Z = (X̺)δ. That means, (X̺)δ is (up to a lattie isomorphism)the Dedekind ompletion Xδ of X. This fat is known, for instane from[Vul78, V.3.℄, where the proof of this result is a slight modiation andgeneralization of the original proof of Yudins theorem.1.2 Topologial vetor spaesThis setion presents some basi denitions related to the theory of topolog-ial vetor spaes and results, we will refer to in our investigations.Let X be a (real) vetor spae and τ a topology on X. We all (X, τ)(respetively X) a topologial vetor spae, whenever the mappings
(x, y) 7→ x + y and (λ, x) 7→ λx(for x, y ∈ X, λ ∈ R) are ontinuous with respet to τ .For the following (X, τ) will be a topologial vetor spae.
• Let x ∈ X and S ⊆ X. If there is a set Ux ∈ τ with x ∈ Ux ⊆ S, then
S is said to be a neighborhood of x and x is alled interior point of S. Theset of all interior points of S (notation int(S)) is alled the interior4 of S.
• X is alled Hausdor (or separated or T2-spae) if for eah pair ofdistint points x, y ∈ X there are neighborhoods Ux, Uy, respetively, suhthat Ux ∩ Uy = ∅.
• A subset S of X is dense in X if every non-empty set U ∈ τ ontains apoint in S. X is said to be separable if it inludes a ountable dense subset.
• X is alled regular , whenever for every τ -losed subset S ⊆ X andevery element x ∈ X with x 6∈ S there are disjoint neighborhoods US and
Ux of S and x, respetively.
• X is alled a loally onvex topologial vetor spae, if there exists asystem B of onvex neighborhoods of zero suh that for any neighborhood
U of zero there is an element V ∈ B with V ⊆ U .
• If, in addition, X is a vetor lattie, then τ is said to be loally solid(and (X, τ) is alled loally solid vetor lattie), if τ has a base at zeroonsisting of solid neighborhoods.The following statement is yet known, e. g. from Theorem 7.42 in [AB99℄(see also 7.9 in [AB99℄) and will be of interest in 3.4If X is an ordered topologial spae, in literature (e. g. [Vul77℄) sometimes ones witha non-empty interior are alled solid. To avoid onfusion with the notion of solid setsand solid subspaes, we will not use the notion solid in onnetion with the interiorof ones and instead speak of ones with interior points or ones with a non-emptyinterior.10
1.3. Normed vetor spaesTheorem 1.2.1. Let X be a loally solid Hausdor vetor lattie, S ⊆ X anon-empty set. Then S⊥ is τ -losed.Separation properties of topologial spaes, suh as the Hausdor andregularity property are more detailed investigated e. g. in [Füh77, II.9℄. Inpartiular, we need the following theorem (see e. g. [Füh77, Korollar 9.14℄and the remark below [Füh77, Denition 9.12℄).Theorem 1.2.2. Let X be a topologial vetor spae suh that for any x, y ∈
X with x 6= y there is a τ -open neighborhood Ux of x with y 6∈ Ux. Inpartiular, if X is a Hausdor spae. Then X is regular.1.3 Normed vetor spaesNormed vetor spaes are of speial interest. If (X, ‖·‖) or simply X isa normed vetor spae, then we will denote by BX the losed unit ball
BX = {x ∈ X : ‖x‖ ≤ 1} of X.Sine the norm on X indues a topology on X, the latter an be treatedas a topologial vetor spae.There are two more topologies on normed spaes we are interested in.Let X ′ be the norm dual of X, that means, the spae of all ontinuous linearfuntionals on X equipped with the usual norm ‖f‖ = sup{|f(x)| : ‖x‖ = 1}for f ∈ X ′. The oarsest topology on X for whih the linear mapping
x 7→ f(x) is ontinuous for eah f ∈ X ′ is alled the weak topology . Theoarsest topology on X ′ for whih the linear mapping f 7→ f(x) is ontinuousfor eah x ∈ X is said to be the weak* topology .All these topologies on X or X ′ make them Hausdor spaes and heneTheorem 1.2.2 an be applied, that means, X and X ′ equipped with thosetopologies are regular spaes.1.4 Ordered normed spaesThis setion presents some relations on vetor spaes that are ordered aswell as normed. We will follow the notion of [Vul77℄, [BR84℄ and [Jam70℄.For that let (X,X+, ‖·‖) be an ordered normed spae, where X+ is thepositive one and ‖·‖ the norm on X. In what follows, mostly we will usethe abbreviation X for an ordered normed spae (X,X+, ‖·‖).A systemati study of ordered normed spaes require some onnetionsbetween the norm and the order on X. In many ases the positive one X+will be losed with respet to the norm. Moreover, we will need the followingproperties of ones and norms.
• The one X+ is alled normal , whenever there is a number M > 0 suhthat the inequality ‖x + y‖ > M holds for all x, y ∈ X+ with ‖x‖ = ‖y‖ = 1.11
1.4. Ordered normed spaes
• If there is a number M > 0 suh that 0 ≤ x ≤ y implies ‖x‖ ≤ M ‖y‖,the norm ‖·‖ will be alled M-monotone5 (or semi-monotone).
• If there is a number M > 0 suh that x, y ∈ X with −y ≤ x ≤ yimplies ‖x‖ ≤ M ‖y‖, the norm will be alled absolutely M-monotone6.The following proposition shows, that the normality of the positive onean be desribed as the monotony of the norm and vie versa.Proposition 1.4.1. Let X be an ordered normed spae. Then the followingare equivalent.1. X+ is normal.2. ‖·‖ is M1-monotone for some onstant M1.3. ‖·‖ is absolutely M2-monotone for some onstant M2.Proof. The equivalene 1⇐⇒ 2. is known from [Vul77, Theorem IV.2.1℄,where the norm is M1-monotone with M1 = 2M , in ase of a normal onewith a onstant of normality M and the one X+ is normal with M = 1M1 ,provided the norm is M1-monotone.2⇐⇒ 3. If ‖·‖ is absolutely M2-monotone, then the norm is M1-monotonewith M1 = M2, sine 0 ≤ x ≤ y in X imply −y ≤ x ≤ y.Now let ‖·‖ be M1-monotone and x, y ∈ X with −y ≤ x ≤ y. Then0 ≤ x + y ≤ 2y and hene ‖x + y‖ ≤ 2M1 ‖y‖. Consequently ‖x‖ =
‖x + y − y‖ ≤ ‖x + y‖ + ‖y‖ ≤ (2M1 + 1) ‖y‖, i. e. the norm is absolutely
M2-monotone with M2 = 2M1 − 1. If the norm ‖·‖ of an ordered normed spae X is M -monotone, then thereis an equivalent monotone norm on X (see e. g. [Vul77, Theorem IV.2.4℄).
• If there is a number M > 0 suh that every vetor x ∈ X an berepresented as x = x1 − x2 with x1, x2 ∈ X+ and ‖x1‖ , ‖x2‖ ≤ M ‖x‖,the one X+ is alled non-at . In this ase M is alled the onstant ofnon-atness.
• If there is a number M > 0 suh that for every x ∈ X one an nda positive vetor x̃, suh that x ≤ x̃ and ‖x̃‖ ≤ M ‖x‖ holds, X+ is alledM-dominating .
• If there is a number M > 0 suh that for eah x ∈ X there is a vetor
x̃ suh that −x̃ ≤ x ≤ x̃ and ‖x̃‖ ≤ M ‖x‖, then the one is alled absolutelyM-dominating .
• A one will be alled approximately (absolutely) M-dominating7 if it is(absolutely) M ′-dominating for all M ′ > M .5For M = 1 the norm is alled monotone.6An absolutely 1-monotone norm is alled absolutely monotone.7An (approximately) (absolutely) 1-dominating one is alled (approximately) (abso-lutely) dominating.12
1.4. Ordered normed spaesIf X is an ordered normed spae and X+ is either (approximately) (abso-lutely) M -dominating or non-at, then X+ is obviously reproduing. More-over the following holds.Proposition 1.4.2. Let X be an ordered normed spae. Then the followingare equivalent.1. X+ is absolutely M1-dominating for some onstant M1.2. X+ is approximately absolutely M2-dominating for some onstant M2.3. X+ is M3-dominating for some onstant M3.4. X+ is approximately M4-dominating for some onstant M4.5. X+ is non-at.Proof. 1=⇒ 2. Clear with M2 = M1.2=⇒ 3. X+ is absolutely M3-dominating with M3 = M2 + 1 and onse-quently M3-dominating.3=⇒ 4. Clear with M4 = M3.4=⇒ 5. Let x ∈ X. X+ is (M4+1)-dominating and onsequently there isan element x1 ∈ X+ with x ≤ x1 and ‖x1‖ ≤ (M4+1) ‖x‖. Then x = x1−x2where x2 = x1−x ∈ X+ and ‖x2‖ = ‖x1 − x‖ ≤ ‖x1‖+‖x‖ ≤ (M4 +2) ‖x‖,i. e. X+ is non-at with the onstant M = M4 + 2.5=⇒ 1. Let M be the onstant of non-atness and x ∈ X. Then thereare x1, x2 ∈ X+ with x = x1 − x2 and ‖x1‖ , ‖x2‖ ≤ M ‖x‖. If x̃ = x1 + x2.Then −x̃ ≤ −x2 ≤ x ≤ x1 ≤ x̃ as well as ‖x̃‖ ≤ ‖x1‖ + ‖x2‖ ≤ 2M ‖x‖. Inother words, X+ is absolutely 2M -dominating. Clearly, not every reproduing positive one of an ordered normed spaeis M -dominating. Nevertheless we have (see e. g. [Vul77, Theorem III.2.1℄).Theorem 1.4.3 (Krein-muljan). Let X be an ordered Banah spae withlosed reproduing one X+. Then X+ is M -dominating.
• A norm ‖·‖ on a vetor lattie X is alled a lattie norm, if |x| ≤ |y| in
X implies ‖x‖ ≤ ‖y‖. A vetor lattie together with a lattie norm is allednormed vetor lattie. The one in a normed vetor lattie is always losed(see e. g. [Vul67, VII.1℄).Lattie norms are examples of absolutely monotone norms and the oneof all positive elements of a normed vetor lattie is always absolutely domi-nating. Conversely, if X is a vetor lattie with an absolutely monotone norm
‖·‖ and the one X+ is approximately absolutely dominating with respetto ‖·‖, then ‖·‖ turns out to be a lattie norm ([BR84℄, 1.5).Moreover, normed vetor latties are examples for loally onvex, loallysolid vetor latties and therefore are regular.For later investigations we need the following result. 13
1.5. The norm dual of an ordered normed spaeTheorem 1.4.4 ([Vul77, Theorem II.3.2℄). If the one X+ of an orderednormed spae X is losed, then the ordered spae X is Arhimedean.1.5 The norm dual of an ordered normed spaeLet X be an ordered normed vetor spae and X ′ its norm dual spae8, where
X ′+ = {f ∈ X
′ : f(x) ≥ 0, ∀x ∈ X+} denotes the set of all positive linearontinuous funtionals on X, and ‖·‖′ (with ‖f‖′ = sup{f(x) : x ∈ BX} foreah f ∈ X ′) is the dual norm. X ′+ is always a wedge but in general noone. Now we will examine some relations between the order and norm inthe primal spae X and the order (in ase, that X ′+ is a one) and norm inthe dual spae X ′.First we examine, when the dual wedge X ′+ is a one and hene the dualspae X ′ an ordered normed spae. In style of [BR84℄ we all the one X+weakly generating , if X+ − X+ = X, i. e. the set X+ − X+ is norm densein X. Clearly every reproduing one is weakly generating. Now we anformulate the following:Theorem 1.5.1 ([Vul77, Theorem I.8.1℄). Let X be an ordered normedspae and X ′ its dual spae. The dual wedge X ′+ is a one, if and only if Xis weakly generating.Some duality properties between the one X+ and its dual wedge X ′+ anbe summarized into two lasses: M. G. Krein-type results (Theorem 1.5.2),where the normality of the one X+ and more exatly, the M -monotoniityof the norm ‖·‖ is haraterized by reproduibility and dominating propertiesof the wedge X ′+, and the T. And-type results (Theorem 1.5.3), where thenormality of X ′+ and M -monotoniity of the dual norm ‖·‖′ are haraterizedby means of dominating properties of the one X+. As the rule for Banahspaes, ordered by a losed one, the results, in general, are better. Thetwo next theorems ontain additional statements involving the onstants M(also see [GC82℄).Theorem 1.5.2 (Krein-type). Let X be an arbitrary ordered normed spaeand X ′ its dual spae. Then1. X+ is normal ⇐⇒X ′+ is reproduing.2. ‖·‖ is M -monotone ⇐⇒X ′+ is M -dominating.3. ‖·‖ is absolutely M -monotone ⇐⇒X ′+ is absolutely M -dominating,Proof. 1. See [Kre40℄, [Vul77, Theorem IV.5.1℄.2. See [BR84, Theorem 1.2.2℄, where in the proof neither the norm om-pleteness nor the fat that X+ is losed are used.3. See [Jam70, Theorem 3.6.7℄. 8In this paper we will often shorten norm dual spae to dual spae.14
1.5. The norm dual of an ordered normed spaeTheorem 1.5.3 (And-type). Let X be an arbitrary ordered normed spaeand X ′ its dual spae.1. Then the following properties are equivalent:(a) There is a number M > 0 suh that every x ∈ X an be rep-resented as the (norm) limit un − vn → x for some sequenes
un, vn ∈ X+ with ‖un‖ , ‖vn‖ ≤ M ‖x‖.(b) The dual one X ′+ is normal.2. If (X,X+, ‖·‖) is an ordered Banah spae and the one X+ is losed,then(a) X+ is reproduing ⇐⇒X ′+ is normal.(b) X+ is approximately M -dominating ⇐⇒‖·‖′ is M -monotone.() X+ is approximately absolutely M -dominating ⇐⇒‖·‖′ is abso-lutely M -monotone.Proof. 1. See [Vul77, Theorem IV.6.1℄.2a. See [And62℄2b. and 2. See [BR84, Theorem 1.2.2., Theorem 1.3.1℄. The impliation: X+ is absolutely M-dominating =⇒‖·‖′ is absolutely
M -monotone, and therefore also the impliation =⇒ of the statement 2b ofTheorem 1.5.3, hold in any ordered normed spae X (see [Jam70, Theorem3.6.6℄).Now we deal with the pre-Riesz property for ordered normed spaes. Inpartiular we are looking for some onditions that guarantee that an orderednormed spae X, respetively its dual spae X ′, is pre-Riesz.Theorem 1.5.4. Let X be an ordered normed spae and X ′ its norm dual.1. If the one X+ is losed, then
X+ is reproduing ⇐⇒ X is pre-Riesz.2. If X ′+ is a one (⇔ X+ is weakly generating), then
X+ is normal ⇐⇒ X ′ is a pre-Riesz spae.3. If X is a Banah spae and X+ losed, then
X is pre-Riesz ⇐⇒ X ′+ is normal. 15
1.5. The norm dual of an ordered normed spaeProof. 1. Let X+ be a reproduing one. The loseness of X+ implies (byTheorem 1.4.4), that (X,X+) is Arhimedean. Now by Theorem 1.1.9 X ispre-Riesz. The opposite diretion is well known from Theorem 1.1.10.2. The dual one X ′+ is always losed. Therefore Theorem 1.5.2-1 andstatement 1 an be applied.3. Sine the positive one of a pre-Riesz spae is reproduing (Theorem1.1.10), the normality of X ′+ follows from Theorem 1.5.3-2a. Conversely, if
X ′+ is normal, then Theorem 1.5.3-2a and statement 1 yields the assertion.
Theorem 1.5.5. Let X be a normed pre-Riesz spae.1. The wedge of positive ontinuous funtionals X ′+ on X is a one, thatmeans (X ′,X ′+, ‖·‖′) is an ordered (normed) spae.2. If X+ is a one, then the ordered spae (X,X+) is also a pre-Rieszspae.Proof. Mention rst, that the one X+ is reproduing.1. Due to Theorem 1.5.1 the dual wedge X ′+ is a one.2. The losure X+ of X is reproduing, too. Therefore, the assertionfollows from Theorem 1.5.4-1. 
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Chapter 2Generalized M-normsMany Banah latties, in partiular funtion spaes, equipped with theirnatural norm, possess additional properties whih give rise for speial inves-tigations. Well known and important for appliation are AL- and AM-spaes.In partiular the duality relations between these spaes are of speial interest.In this setion we are looking for suitable generalizations of AL- and AM-spaes and fous our attention on duality statements of suh ordered normedspaes.2.1 M- and L-normsFirst we reall the notions of AL- and AM-spaes and list those propertiesthat inspires the further work. Also some known generalizations, e. g. in[BR84℄ and [Ng69℄, are presented. We will restrit ourselves on normedspaes. For a detailed study of M- and L-seminorms see [Gaa03℄.
• Let X be a normed vetor spae. The norm ‖·‖ is alled an L-normwhenever for all x, y ∈ X+
‖x + y‖ = ‖x‖ + ‖y‖ . (2.1)
• Let X be a normed vetor lattie, then the norm ‖·‖ is alled an M-norm, whenever for all x, y ∈ X+
‖x ∨ y‖ = max{‖x‖ , ‖y‖}. (2.2)
• A Banah lattie, whose norm is an L-norm is alled an AL-spae, aBanah lattie with an M-norm is alled an AM-spae.
• A vetor u ∈ X+ in an ordered vetor spae X is alled an order unitif for any x ∈ X there is a number λ > 0 with −λu ≤ x ≤ λu.
• An AM-spae with an order unit u suh that its losed unit ball oin-ides with the order interval [−u, u] is alled an AM-spae with unit u.17
2.1. M- and L-normsNote that if X is a Banah lattie and u ∈ X. Then |u| is an order unitin the ideal Au generated by u, and Au normed by
‖x‖u = inf{λ : |x| ≤ λ |u|}turns out to be an AM-spae with unit (see [AB85, Theorem 12.20℄). More-over, if u ∈ X is an order unit in X, then (X, ‖·‖u) is learly an AM-spaewith unit, whereas ‖·‖u is equivalent to the original norm (due to [AB85,Corollary 12.4, Goman℄).The spaes c0 and c with the usual order and supremum norm are exam-ples of an AM-spaes, c0 without order unit ([Sh74, II.7℄) and c with orderunit. The vetor lattie of all integrable funtions L(µ) is an AL-spae.AL- and AM-spaes are in duality. More preisely one has (see e. g.[AB85, 12℄).Theorem 2.1.1. Let X be a Banah lattie and X ′ its dual spae.1. X is an AM-spae ⇐⇒X ′ is an AL-spae.2. X is an AL-spae ⇐⇒X ′ is an AM-spae.3. Moreover, X is an AL-spae ⇐⇒X ′ is an AM-spae with unit.Now we deal with natural generalizations of norms satisfying the ondi-tion (2.2). By means of an order unit u in the ordered vetor spae (X,X+)the funtional dened by
‖x‖u = inf{λ ≥ 0: − λu ≤ x ≤ λu} (2.3)is always a semi-norm.
• If ‖·‖u is a norm on X then it is alled order unit norm or u-norm.
‖·‖u is a norm, for instane, if X is Arhimedean ([Vul77, Theorem 1.9.1℄).
• An ordered Banah spae X is alled an order unit spae, if there isan order unit u ∈ X suh that ‖x‖ = ‖x‖u for all x ∈ X.Let (X,X+) be an ordered vetor spae, where the one X+ possessesa base D. Consider the onvex hull conv(D ∪ −D) of the subset D ∪ −Din X. Obviously this set is onvex and symmetri. Moreover, if the one
X+ is reproduing then conv(D∪−D) is an absorbing set and therefore, theorresponding Minkowski funtional dened by
pD(x) = inf{λ ≥ 0: x ∈ λ conv(D ∪ −D)} (2.4)is a semi-norm.
• If X is an ordered normed spae with a reproduing one X+ whihpossesses a norm bounded base D, then pD turns out to be a norm on X,the so alled base norm, denoted by ‖·‖D.18
2.1. M- and L-norms
• An ordered Banah spae X is alled a base norm spae, if X+ isreproduing, X+ possesses a norm bounded base D and ‖x‖ = ‖x‖D for all
x ∈ X.
• If X ′ is the dual spae of an ordered normed spae X and for someweak*-ompat base D′ of the one X ′+ one has ‖·‖′ = ‖·‖D′ then X ′ will bealled a dual base norm spae.Let X be either an order unit spae or a base norm spae. In bothases the norm ‖·‖ is absolutely monotone and the one in suh a spae isapproximately absolutely dominating ([BR84℄) and so, in partiular, in bothases the one X+ is normal, and, due to Theorem 1.5.2, X ′+ is a reproduingone in X ′.If X is an order unit norm spae with order unit u, then [−u, u] = BXand hene u ∈ int{Bx + u} = int{[0, 2u]} ⊆ X+, that means, u is an interiorpoint of X+.If X is a base norm spae, then the norm on X turns out to be additive([Tzs02, 2.5℄), e. g. the equation (2.1) is satised.The properties non-empty interior of a one and additive norm are induality, more preisely the following results are well known.Theorem 2.1.2 ([Vul78, Theorem II.1.1,II.3.1,II.3.2℄). Let X be anordered normed spae and X ′ its dual spae. Then the following propertiesare equivalent:1. There is a norm on X that is equivalent to ‖·‖ and additive on the one
X+.2. The dual one X ′+ ontains an interior point.If the one X+ is losed then the following properties are equivalent:3. The one X+ ontains interior points.4. The one X ′+ possesses a norm-bounded weak*-ompat base D′ suhthat the norm ‖·‖D′ is equivalent to ‖·‖′ on X ′.Following [Ng69℄, a net (eα) in an ordered vetor spae X is said to bean approximate order unit if it satises the propertiesi eα ∈ X+ for eah α,ii eα1 ≤ eα2 whenever α1 ≤ α2,iii for eah x ∈ X there is a positive real number λx and an index αx suhthat −λxeαx ≤ x ≤ λxeαx . 19
2.2. Ordered vetor spaes with m- and m≤-normThe set B = ⋃α[−eα, eα] is onvex, symmetri and absorbing. So itsMinkowski funtional pB is a semi-norm. In ase that pB is a norm on X,then it is alled approximate order unit norm.
• An ordered Banah spae X is alled an approximate order unit normedspae if X possesses an approximate order unit suh that pB is a norm and
‖x‖ = pB(x) for all x ∈ X.Theorem 2.1.3 ([BR84, Theorem 1.4.1℄, [Ng69, Theorem 5℄). Let Xbe an ordered Banah spae with a losed one X+ and X ′ its dual spae.Then the following three pairs of properties are equivalent:1. (i) X is a base norm spae.(ii) X ′ is an order unit spae.2. (i) X is an order unit spae.(ii) X ′ is a dual base norm spae.3. (i) X is an approximate order unit normed spae.(ii) X ′ is a base norm spae.Let ‖·‖ be an order unit norm or a base norm on a vetor lattie X. Sine,as mentioned before, ‖·‖ is absolutely monotone and X+ is approximatelyabsolutely dominating, the spae X is a normed lattie (see 1.4).Let X be a vetor lattie and at the same time an order unit normedBanah spae with order unit u. Clearly BX = [−u, u], that means, X isan AM-spae with unit. Conversely, let X be an AM-spae with unit u.Then BX = [−u, u] holds by denition and ‖x‖ = inf{λ : x ∈ λBX} =
inf{λ : |x| ≤ λu}. Consequently, a vetor lattie X is an AM-spae withunit, if and only if it is equipped with an order unit norm that makes X tobe a Banah spae.Let X be a Banah lattie. The appliation of the Theorems 2.1.1-2,2.1.3-1 and the previous remark yields, that X is an AL-spae, if and onlyif it is a base norm spae.As mentioned before, there are AM-spaes that are not order unit spaes.Now, the following situation is possible: the dual spae X ′ of an orderednormed spae X, even of an AM-spae, might be an AL-spae but may failto be a dual base norm spae. Indeed, by the Theorems 2.1.1 and 2.1.3, thisis the ase, if X is an AM-spae without order unit.2.2 Ordered vetor spaes with m- and m≤-normFrom now on X is an arbitrary ordered vetor spae with reproduing one
X+ and the norm ‖·‖. The main results of this setion are published in[TW05℄.20
2.2. Ordered vetor spaes with m- and m≤-normSine the notion of the M-norm requires the lattie operation '∨', wereplae the supremum of two elements by the set of upper bounds and denean appropriate property of the norm, whih replaes and generalizes (2.2).
• A norm ‖·‖ on X will be alled m≤-norm if for all x, y ∈ X+
inf{‖v‖ : x, y ≤ v} ≤ max{‖x‖ , ‖y‖}. (2.5)
• A norm ‖·‖ on X is alled generalized M-norm or m-norm1 if for all
x, y ∈ X+ there holds the equality
inf{‖v‖ : x, y ≤ v} = max{‖x‖ , ‖y‖}. (2.6)It is easy to see, that the m-norms are exatly the monotone m≤-norms.Indeed, if ‖·‖ is a monotone m≤-norm, x, y, v ∈ X+ suh that x, y ≤ v, then
‖x‖ , ‖y‖ ≤ ‖v‖ and hene inf{‖v‖ : x, y ≤ v} = max{‖x‖ , ‖y‖}. Conversely,if ‖·‖ is an m-norm and 0 ≤ x ≤ y. Then ‖x‖ = inf{‖v‖ : x, x ≤ v} ≤ ‖y‖,i. e. ‖·‖ is monotone.Before we give some examples of ordered normed spaes with m-normand m≤-norm we present some geometri ondition of the unit ball thatguarantees that ‖·‖ is an m≤-norm.Theorem 2.2.1. Let X be an ordered normed spae and (uα) ⊆ X+ aninreasing net with the properties ‖uα‖ ≤ 1 for eah index α. If
BX ⊆ (1 + ε)
(
⋃
α
[−uα, uα]
)for all ε > 0, then the norm ‖·‖ is an m≤-norm.Proof. Let x, y ∈ X+. Without loss of generality we may assume ‖x‖ ≥ ‖y‖.If x = 0 then also y = 0 and both sides of (2.5) are equal to 0.Therefore assume x 6= 0 and let ε > 0 and (uα) ⊆ X+ as laimed. Then0 ≤ ∥∥∥∥ 1‖x‖x∥∥∥∥ ,∥∥∥∥ 1‖x‖y∥∥∥∥ ≤ 1and hene there are indexes αx, αy, αxy with 1‖x‖x ≤ (1 + ε)uαx , 1‖x‖y ≤
(1 + ε)uαy and uαx , uαy ≤ uαxy . Therefore x, y ≤ (1 + ε) ‖x‖uαxy , i. e.
inf{‖v‖ : x, y ≤ v} ≤
∥∥(1 + ε) ‖x‖uαxy
∥∥
= (1 + ε) ‖x‖
∥∥uαxy
∥∥
≤ (1 + ε) ‖x‖
= (1 + ε)max{‖x‖ , ‖y‖}.1The notion of an m-norm is already oupied for denoting some speial norm of ma-jorizing maps between Banah spaes and Banah latties (see [Sh74, IV.3℄ and [MN91,2.8℄). However, no onfusion will our sine, dealing with m-norms, we always mean therelation (2.6). 21
2.2. Ordered vetor spaes with m- and m≤-normSine ε > 0 was arbitrary, inf{‖v‖ : x, y ≤ v} ≤ max{‖x‖ , ‖y‖} follows.It remains to show that X+ is reproduing. Let x ∈ X and uαx suh that
x ∈ 2 ‖x‖ [−uαx , uαx ] or equivalently −2 ‖x‖uαx ≤ x ≤ 2 ‖x‖uαx . Then
x = 2 ‖x‖uαx − (2 ‖x‖uαx − x) ,whereas 0 ≤ 2 ‖x‖uαx and 0 ≤ 2 ‖x‖uαx − x, i. e. X+ is reproduing. So,the norm ‖·‖ is an m≤-norm. 
• In partiular, ‖·‖ is an m≤-norm if BX ⊆ [−u, u] for some order unit
u with ‖u‖ = 1. In suh ase we all ‖·‖ an m≤-norm with unit .Theorem 2.2.1 ontains the result of [Tzs02, Satz 4.1.4℄ and leads diretlyto the following onlusion that laries the relation between the notion oforder unit norms, approximate order unit norms and m≤-norms.Conlusion 2.2.2. Eah order unit norm and eah approximate order unitnorm of an ordered normed spae is an m≤-norm, and due to its monotoniityeven an m-norm.Now we present an example of an ordered Banah spae, where the normis an m≤-norm but not an m-norm.Let R2 be equipped with the natural order and the norm dened for
x = ( x1x2 ) ∈ R2 by
‖x‖ =
{
max{2 |x1| − |x2| , 2 |x2| − |x1|}, x1, x2 ≥ 0 or x1, x2 ≤ 0
2(|x1| + |x2|), otherwise.The one and the unit ball of that spae are skethed in gure 2.1.Sine u = ( 11 ) yields ‖u‖ = 1 and BX ⊆ [−u, u], the norm ‖·‖ is anm≤-norm (Theorem 2.2.1). To show that ‖·‖ is not an m-norm, let x = ( 10 )and y = ( 01 ). Then 0 ≤ x, y ≤ u and ‖x‖ = ‖y‖ = 2 as well as ‖u‖ = 1 andwe are done.
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2.2. Ordered vetor spaes with m- and m≤-normThere are m-norms on ordered normed spaes with a losed one thatare not absolutely monotone as it is demonstrated in the following example,whih at the same time shows that an m-norm may fail to be an order unitnorm even if BX ⊂ [−u, u] for some order unit u with ‖u‖ = 1.Let R2 be equipped with the usual ordering and the norm ‖·‖ be denedfor x = ( x1x2 ) ∈ R2 by
‖x‖ =
{
max{|x1| , |x2|}, x1, x2 ≥ 0 or x1, x2 ≤ 0
|x1| + |x2| , otherwise.The one and the losed unit ball of that spae are skethed in gure 2.2.If u = ( 11 ) then u is an order unit with ‖u‖ = 1 and BX ⊆ [−u, u].Hene ‖·‖ is an m≤-norm. To show the monotony of ‖·‖ let x = ( x1x2 ),
y = ( y1y2 ) ∈ X+ with 0 ≤ x ≤ y. That means 0 ≤ x1 ≤ y1 and 0 ≤ x2 ≤ y2and onsequently
‖x‖ = max{x1, x2} ≤ max{y1, y2} = ‖y‖ .However, the relation − ( 11 ) ≤ (−11 ) ≤ ( 11 ), whereas ∥∥(−11 )∥∥ = 2 and
‖( 11 )‖ = 1, shows that ‖·‖ is not absolutely monotone.Certainly, sine |x1| + |x2| ≤ 2max{|x1|, |x2|}, the norm is 2-absolutelymonotone.
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Figure 2.2:Sine lattie norms are absolutely monotone, in the ase of a normedvetor lattie the properties to be M-, m- and m≤ are equivalent. Indeed, if
X is a vetor lattie, then for any upper bound v of two elements x, y ≥ 0the inequality v ≥ x ∨ y holds and onsequently ‖v‖ ≥ ‖x ∨ y‖. Therefore
‖x ∨ y‖ ≤ inf{‖v‖ : x, y ≤ v}. On the other hand x ∨ y ≥ x, y implies
‖x ∨ y‖ ≥ inf{‖v‖ : x, y ≤ v}. This shows ‖x ∨ y‖ = inf{‖v‖ : x, y ≤ v}.It is natural to expet that for an ordered normed spae X with anm≤- or an m-norm the inequality (2.5) respetively the equality (2.6) are23
2.2. Ordered vetor spaes with m- and m≤-normsatised for any nite set of positive vetors, i. e. for eah nite set {xi : i =
1, . . . , n} ⊆ X+ the inequality
inf{‖v‖ : xi ≤ v, i = 1, . . . , n} ≤ max{‖xi‖ : i = 1, . . . , n} (2.7)holds if ‖·‖ is an m≤-norm respetively
inf{‖v‖ : xi ≤ v, i = 1, . . . , n} = max{‖xi‖ : i = 1, . . . , n} (2.8)in ase of an m-norm.First we notie that the inmum inf{. . .} in the inequality (2.7) and inthe equality (2.8) exists, beause for arbitrary vetors xi ∈ X+ (i = 1, . . . , n)the sum x1 + . . . + xn is a ommon upper bound of all xi.Sine the inequality (2.7) in ombination with the monotony of eah m-norm imply equation (2.8), all we need to show is the validity of relation(2.7).For that let ‖·‖ be an m≤-norm. The proof is done by indution. For
n = 2 the inequality is true by denition. Now let n > 2. By assumption
inf{‖v‖ : xi ≤ v, i = 1, . . . , n − 1} ≤ max{‖xi‖ : i = 1, . . . , n − 1} holds.That is, for any ε > 0 there is a vetor ṽ suh that ṽ ≥ xi (i = 1, . . . , n − 1)and ‖ṽ‖ ≤ max{‖xi‖ : i = 1, . . . , n − 1} + 12ε. Let v be a ommon upperbound of ṽ and xn. Due to the denition of an m≤-norm, v an be hosensuh that ‖v‖ ≤ max{‖ṽ‖ , ‖xn‖} + 12ε. So xi ≤ v for all i = 1, . . . , n and
‖v‖ ≤ max{‖xi‖ : i = 1, . . . , n} + ε and we are done.The inequality (2.7) gives an estimation for the inmum of the norm ofall vetors dominating a nite set of positive vetors in an ordered normedspae with an m≤-norm. A similar estimation holds for any nite set ofvetors, even if they are not positive.Theorem 2.2.3 ([Tzs02, Satz 4.2.2℄). Let X be an ordered vetor spaewith an m≤-norm. Then the following properties hold:1. X+ is approximately absolutely dominating.2. For any n ∈ N and any xi ∈ X (i = 1, . . . , n)
inf{‖v‖ : − v ≤ xi ≤ v, i = 1, . . . , n} ≤ max{‖xi‖ : i = 1, . . . , n}.Proof. 1. Let x ∈ X. First we notie that there is a vetor v ∈ X+ with
−v ≤ x ≤ v. Indeed, sine X+ is reproduing, x an be represented as
x = x1 − x2, where x1, x2 ∈ X+. Then the vetor v = x1 + x2 satises therelation −v ≤ x ≤ v.Take an arbitrary v ∈ X+ with −v ≤ x ≤ v. If ‖v‖ ≤ ‖x‖ the proof isnished, so suppose ‖x‖ + ε = ‖v‖ for some ε > 0. We will show that thereis a vetor v̂ with −v̂ ≤ x ≤ v̂ and ‖v̂‖ ≤ ‖x‖ + 34ε.24
2.2. Ordered vetor spaes with m- and m≤-normClearly, v − x, v + x ≥ 0. Sine ‖·‖ is an m≤-norm there exists some v̂suh that v − x, v + x ≤ 2v̂ and
‖2v̂‖ ≤ max{‖v − x‖ , ‖v + x‖} +
1
2
ε. (2.9)First we notie
2v̂ − 2x ≥ 2v̂ − 2x − (v − x) = 2v̂ − (v + x) ≥ 0 and
2v̂ + 2x ≥ 2v̂ + 2x − (v + x) = 2v̂ − (v − x) ≥ 0,what yields −v̂ ≤ x ≤ v̂. Furthermore
‖v ± x‖ ≤ ‖x‖ + ‖v‖ = 2 ‖x‖ + εleads in ombination with (2.9) to
‖v̂‖ ≤
1
2
max{‖v + x‖ , ‖v − x‖} +
1
4
ε ≤ ‖x‖ +
3
4
ε.2. Let {x1, . . . , xn} be an arbitrary set in X and ε > 0. By means of therst statement for every i = 1, . . . , n there is a positive vetor vi satisfying
−vi ≤ xi ≤ vi and ‖vi‖ ≤ ‖xi‖ + 12ε. Then with respet to (2.7) there isa positive vetor v̂ with vi ≤ v̂ for i = 1, . . . , n and ‖v̂‖ ≤ max{‖vi‖ : i =
1, . . . , n} + 12ε, in partiular −v̂ ≤ xi ≤ v̂ for i = 1, . . . , n and
inf{‖v‖ : − v ≤ xi ≤ v, i = 1, . . . , n} ≤ ‖v̂‖
≤ max{‖xi‖ : i = 1, . . . , n} + ε.
Due to the previous theorem, the positive one X+ of an ordered normedspae X with m≤-norm is approximately absolutely dominating. Neverthe-less it may fail to be dominating and onsequently absolutely dominating asthe following example demonstrates.Let m be the vetor spae of all real bounded sequenes equipped withthe supremum-norm ‖·‖ and the one of positive elements
m+ = {(0, 0, 0, . . .)} ∪ {(x1, x2, x3, . . .) : x1 > 0, xi ≥ 0, i = 2, . . .}.It is easy to verify that the one m+ is reproduing.In order to show that ‖·‖ is an m≤-norm let x = (xn), y = (yn) ∈ X+and ε > 0. If z = (zn) with z1 = max{x1, y1} + ε and zi = max{xi, yi} for
i ≥ 2, then z ≥ x, y and ‖z‖ ≤ max{‖x‖ , ‖y‖} + ε. Consequently
inf{‖z‖ : z ≥ x, y} ≤ ‖z‖ ≤ max{‖x‖ , ‖y‖} + ε 25
2.2. Ordered vetor spaes with m- and m≤-normholds and therefore the norm ‖·‖ is an m≤-norm.The one m+ is not dominating. Indeed, if x = (1,−1, 0, 0, . . .) and
z ∈ X+ suh that z ≥ x then z1 > 1 and therefore ‖z‖ > 1 = ‖x‖.
• The open unit ball B = {x ∈ X : ‖x‖ < 1} of an ordered normed spae
X is alled upward direted , if for any x, y ∈ B there is an element w ∈ Bsuh that x, y ≤ w.This notion an be found e. g. in [ND81℄ and turns out to be equivalentto the norm of X to be m≤ and X+ to be reproduing.Theorem 2.2.4 ([TW05, Proposition 7℄). Let X be an ordered normedspae. Then the following onditions are equivalent:1. ‖·‖ is an m≤-norm.2. The open unit ball B of X is upward direted.Proof. 1=⇒ 2. If x, y ∈ B then there is an ε > 0 suh that ‖x‖ + ε, ‖y‖ +
ε < 1. Theorem 2.2.3, guarantees the existene of an element v with theproperties x, y ≤ v and ‖v‖ ≤ max{‖x‖, ‖y‖} + ε < 1.2=⇒ 1. Let x, y ∈ X+ and ε > 0. Without loss of generality we mayassume ‖x‖ ≥ ‖y‖. Then x̃ = 1‖x‖+εx and ỹ = 1‖x‖+εy belong to B. Byondition there is an element w̃ suh that x̃, ỹ ≤ w̃ and ‖w̃‖ < 1. For
w = (‖x‖ + ε)w̃ one has
x, y ≤ w and ‖w‖ = (‖x‖+ ε) ‖w̃‖ < ‖x‖+ ε = max{‖x‖ , ‖y‖}+ ε.Sine ε > 0 was arbitrary one obtains
inf{‖w‖ : x, y ≤ w} ≤ max{‖x‖, ‖y‖}.In order to show that X+ is reproduing take an arbitrary x ∈ X. With-out loss of generality x belongs to B. Then there is w ∈ B suh that 0, x ≤ w.Then x1 = w and x2 = w − x belong to X+ and x = x1 − x2. For two normed spaes (X, ‖·‖X), (Y, ‖·‖Y ) denote by L(X,Y ) the vetorspae of all linear bounded (i. e. ontinuous) operators T : X −→ Y . For
T ∈ L(X,Y ) the norm is dened by
‖T‖ = sup{‖Tx‖Y : ‖x‖X ≤ 1}.Let X and Y be two ordered normed spaes. Reall, that an operator
T ∈ L(X,Y ) is said to be positive (written as T ≥ 0) if T (X+) ⊆ Y+. Theset
L+ = L+(X,Y ) = {T ∈ L(X,Y ) : T ≥ 0}is a one if and only if X+ − X+ is norm dense in X (i. e. X+ is weaklyreproduing) and is losed if Y+ is losed (see [Vul78, VI.1℄).26
2.2. Ordered vetor spaes with m- and m≤-normThe norm of a positive ontinuous linear operator T : X → Y , where Xand Y are normed vetor latties, an be alulated by taking into onsider-ation only the positive vetors of the unit ball (see [Sh74, IV.1℄ and [AB85,4℄), i.e. the inequality
‖T‖ = sup{‖Tx‖Y : x ∈ X, ‖x‖X ≤ 1}
≥ sup{‖Tx‖Y : x ∈ X+, ‖x‖ ≤ 1}
= ‖T‖+
(2.10)is satised as an equation.For arbitrary ordered normed spaes X and Y and an operator T ∈
L+(X,Y ) the relation (2.10) may fail to be true. Whenever a positive op-erator T ∈ L+(X,Y ) satises ‖T‖+ = ‖T‖, the norm of T is said to bepositively attained (see e. g. [BR84℄).The positive one of an ordered normed spae with m≤-norm is approxi-mately absolutely dominating and hene approximately dominating. Due to[BR84, prop.1.7.8℄ this ondition is a suient ondition therefore, that ev-ery positive operator T : X → Y is positively attained. More exatly, thereholdsProposition 2.2.5. Let X be an ordered normed spae with m≤-norm and
Y an ordered normed spae. If the norm ‖·‖Y in Y is absolutely monotone,then the norm of eah positive operator T : X −→ Y is positively attained.2As a onsequene we obtain that the norm of eah positive funtional onan ordered normed spae with m≤-norm and reproduing one is positivelyattained.Conlusion 2.2.6. If X is an ordered normed spae with an m≤-norm then
‖f‖+ = ‖f‖ for eah funtional f ∈ X ′+.It is easy to show that the losure X+ of a normal one X+ is again anormal one ([Vul77, 4.1℄), and therefore (X,X+, ‖·‖) is an ordered normedspae. The next proposition states that under an additional ondition eventhe m≤- and m-property of the norm ‖·‖ is preserved after passing to thelosure of the one.Proposition 2.2.7. Let X be an ordered normed spae with M -monotonem≤-norm ‖·‖ . Then the norm ‖·‖ is also an m≤-norm in the ordered normedspae (X,X+, ‖·‖). Moreover if ‖·‖ is m, then it is also m on (X,X+).Proof. First mention that the losure X+ of a normal one X+ is again anormal one ([Vul77, 4.1℄), and therefore (X,X+, ‖·‖) is an ordered normed2One should mention, that in [BR84℄ X and Y are Banah spaes, but the same proofan also be applied in the general ase. 27
2.2. Ordered vetor spaes with m- and m≤-normspae. Due to [Gaa99, Proposition 1.16℄ the monotoniity of ‖·‖ on X+transfers to X+. Therefore it sues to prove that the norm is preservedto be an m≤-norm in (X,X+, ‖·‖). Let E denote the order relation in Xrelated to X+. Then X+ ⊂ X+ implies the onlusion
x ≤ y ⇒ x E y (2.11)for any x, y ∈ X. If x, y ∈ X+ then by Theorem 2.2.3
inf{‖v‖ : x, y ≤ v} ≤ inf{‖v‖ : −v ≤ x, y ≤ v} ≤ max{‖x‖ , ‖y‖}. (2.12)Due to (2.11) one has
inf{‖v‖ : x, y E v} ≤ inf{‖v‖ : x, y ≤ v} ≤ max{‖x‖ , ‖y‖}, (2.13)i.e. the norm ‖·‖ is an m≤-norm on (X,X+, ‖·‖). Next we want to show, that every ordered normed spae X with m-normrespetively M -monotone m≤-norm and losed one an be embedded intoa normed vetor lattie Y with M-norm, suh that the lattie norm on Yrestrited to X, is equivalent to the original norm of X.Theorem 2.2.8. Let X be an ordered normed spae with M -monotone m≤-norm and losed one. Then the Dedekind ompletion Xδ as well as the Rieszompletion X̺ of X exists. Moreover, on Xδ and on X̺, respetively, thereis an M-norm, that is on X equivalent to the norm ‖·‖.Proof. Sine the positive one is losed, due to Theorem 1.4.4 the orderednormed spae X is Arhimedean. Reall, that the positive one of an orderednormed vetor spae with m≤-norm is reproduing. Then
• due to Yudins Theorem the Dedekind ompletion Xδ of X (see p. 9 in1.1) and
• due to Theorem 1.1.9 the Riesz ompletion X̺ of Xexist. Now assume Y ∈ {Xδ,X̺}. Let ‖·‖Y : Y → R be the funtional
‖y‖Y = inf{‖x‖ : x ∈ X+, x ≥ |y|}.The M -monotony of ‖·‖ implies that X+ is normal and due to Theorem2.2.3-1 M -dominating for some onstant M . So, in ase Y = Xδ, [Vul78,Theorem V.3.1℄ implies that the funtional ‖·‖Y is a monotone norm (andobviously a lattie norm) on Y whih on X is equivalent to the norm ‖·‖ . If
Y = X̺ then Conlusion 4.1.2 yields that ‖·‖Y is a lattie norm on Y thatis equivalent to ‖·‖ when restrited to X.28
2.2. Ordered vetor spaes with m- and m≤-normTo nish the proof we show that ‖·‖Y is an M-norm. For that let be0 ≤ y1, y2 ∈ Y . Then in view of (2.5) one has
max {‖y1‖Y , ‖y2‖Y }
= max {inf {‖x1‖ : x1 ∈ X+, x1 ≥ y1} , inf {‖x2‖ : x2 ∈ X+, x2 ≥ y2}}
= inf {max {‖x1‖ , ‖x2‖} : x1, x2 ∈ X+, x1 ≥ y1, x2 ≥ y2}
≥ inf {inf {‖v‖ : v ∈ X+, v ≥ x1, x2} : x1, x2 ∈ X+, x1 ≥ y1, x2 ≥ y2}
≥ inf {‖v‖ : v ∈ X+, v ≥ y1, y2}
= inf {‖v‖ : v ∈ X+, v ≥ y1 ∨ y2}
= ‖y1 ∨ y2‖Y . (2.14)The relations y1, y2 ≤ y1 ∨ y2 and the monotoniity of ‖·‖Y yield
max{‖y1‖Y , ‖y2‖Y } ≤ ‖y1 ∨ y2‖Yand so, together with (2.14), the equation
max{‖y1‖Y , ‖y2‖Y } = ‖y1 ∨ y2‖Yis proved. An immediate onsequene of Theorem 2.2.8 and the presented proof is,that there is an equivalent m-norm on X, provided X is an ordered normedspae with M -monotone m≤-norm ‖·‖ and losed positive one X+. Thatmeans ‖·‖ an be replaed by an equivalent monotone norm, what is wellknown from [Vul77, Theorems IV.2.4 and IV.2.1℄, under retention of the m≤-norm property. Indeed, if x, y ∈ X+ and ‖·‖Y is dened as in the proof ofTheorem 2.2.8, then
max{‖x‖Y , ‖y‖Y } = ‖x ∨ y‖Y
= inf{‖v‖ : x, y ≤ v ∈ X+}
≥ inf{‖v‖Y : x, y ≤ v}
≥ max{‖x‖Y , ‖y‖Y }.An omparable result to this onlusion is obtained for ordered normedspaes with L-norm and M -dominating positive one.Lemma 2.2.9. If X is an ordered normed spae with M -dominating positiveone X+ and L-norm ‖·‖. Then there is an equivalent L-norm ‖·‖2 on Xsuh that X+ is approximately dominating with respet to ‖·‖2. 29
2.2. Ordered vetor spaes with m- and m≤-normProof. Dene the funtional ‖·‖2 : X → R+ by
‖x‖2 = max{inf{‖y‖ : − y ≤ x ≤ y ∈ X+}, ‖x‖}.First we show that ‖·‖2 is a norm. If ‖x‖2 = 0 then ‖x‖ = 0 andonsequently x = 0. The reverse impliation, namely ‖0‖2 = 0, follows from
‖0‖ = 0 and 0 ∈ X+.If λ ∈ R then inf{‖y‖ : − y ≤ λx ≤ y ∈ X+} = λ inf{‖y‖ : − y ≤ x ≤
y ∈ X+} as well as ‖λx‖ = λ ‖x‖ and therefore ‖λx‖2 = λ ‖x‖2 holds.For the triangle inequality let x1, x2 ∈ X. Then either
‖x1 + x2‖2 = inf{‖y‖ : − y ≤ x1 + x2 ≤ y ∈ X+}
≤ inf{‖y1 + y2‖ : − y1 ≤ x1 ≤ y1 ∈ X+,−y2 ≤ x2 ≤ y2 ∈ X+}
= inf{‖y1‖ + ‖y2‖ : − y1 ≤ x1 ≤ y1 ∈ X+,−y2 ≤ x2 ≤ y2 ∈ X+}
= inf{‖y1‖ : − y1 ≤ x1 ≤ y1 ∈ X+} + inf{‖y2‖ : − y1 ≤ x2 ≤ y2 ∈ X+}
≤ max{inf{‖y1‖ : − y1 ≤ x1 ≤ y1 ∈ X+}, ‖x1‖}
+ max{inf{‖y2‖ : − y2 ≤ x2 ≤ y2 ∈ X+}, ‖x1‖}
= ‖x1‖2 + ‖x2‖2 ,or
‖x1 + x2‖2 = ‖x1 + x2‖
≤ ‖x1‖ + ‖x2‖
≤ max{inf{‖y1‖ : − y1 ≤ x1 ≤ y1 ∈ X+}, ‖x1‖}
+ max{inf{‖y2‖ : − y2 ≤ x2 ≤ y2 ∈ X+}, ‖x1‖}
= ‖x1‖2 + ‖x2‖2 ,holds.Sine eah L-norm is monotone, ‖x‖ = inf{‖y‖ : − y ≤ x ≤ y ∈ X+}holds for eah x ∈ X+ and onsequently ‖·‖2 = ‖·‖ on X+, that means ‖·‖2is an L-norm.
X+ is absolutely approximately dominating. Indeed, let ε > 0, 0 6= x ∈
X and z ∈ X+ with −z ≤ x ≤ z as well as
‖z‖ ≤ inf{‖y‖ : − y ≤ x ≤ y ∈ X+} + ε ‖x‖2 .Then
‖z‖2 = ‖z‖ ≤ inf{‖y‖ : − y ≤ x ≤ y ∈ X+} + ε ‖x‖2
≤ max{inf{‖y‖ : − y ≤ x ≤ y ∈ X+}, ‖x‖} + ε ‖x‖2
= (1 + ε) ‖x‖2 .What is left to show is the equivalene of ‖·‖2 and ‖·‖. Let x ∈ X. Bydenition ‖x‖ ≤ ‖x‖2 holds. Sine X+ is M -dominating and onsequently30
2.2. Ordered vetor spaes with m- and m≤-normabsolutely M2-dominating (with respet to ‖·‖), there is a positive vetor
z ∈ X+ with −z ≤ x ≤ z and ‖z‖ ≤ M2 ‖x‖. Then
‖x‖2 = max{inf{‖y‖ : − y ≤ x ≤ y ∈ X+}, ‖x‖}
≤ max{‖z‖ , ‖x‖}
≤ max{M2 ‖x‖ , ‖x‖}
= max{M2, 1} ‖x‖ . By means of the so-alled onstants of reproduibility , introdued by B. Z.Vulikh in [Vul78, III.3℄, we are able to haraterize the m≤- and m-norms onordered normed spaes. For an ordered normed spae X with a reproduingone X+ for all natural numbers n = 1, 2, . . . dene
V (X+, n) = sup{inf{‖v‖ : v ≥ x1, . . . , xn} : x1, . . . , xn ∈ BX}. (2.15)One has V (X+, n) ≤ V (X+, n + 1). Although in general V (X+, n) = ∞for all n ≥ 2 is possible it is interesting that the onditionsi X+ is M -dominating,ii V (X+, 2) < +∞,iii V (X+, n) < +∞ for any n ∈ Nare equivalent ([Vul78, Theorem III.3.1℄).If ‖·‖ is an m≤-norm then X+ is M -dominating and so V (X+, n) < ∞holds for all n. More exatly one hasTheorem 2.2.10. Let X be an ordered normed spae with reproduing one
X+. Then the following two groups of statements are equivalent:1. ‖·‖ is an m≤-norm,2. V (X+, k) ≤ 1 for some k ≥ 2,3. V (X+, n) ≤ 1 for all n ≥ 2and4. ‖·‖ is an m-norm,5. the norm ‖·‖ is monotone and V (X+, k) = 1 for some k ≥ 2,6. the norm ‖·‖ is monotone and V (X+, n) = 1 for all n ≥ 2. 31
2.3. Some duality propertiesProof. 2=⇒ 1. Let x, y ∈ X+. Without loss of generality ‖x‖ ≥ ‖y‖ and
x 6= 0 might be assumed. Then x, y ∈ ‖x‖BX and by assumption
max{‖x‖ , ‖y‖} = ‖x‖ ≥ ‖x‖ · V (X+, k)
= ‖x‖ · sup{inf{‖v‖ : v ≥ x1, . . . , xk} : x1, . . . , xk ∈ BX}
= sup{inf{‖v‖ : v ≥ x1, . . . , xk} : x1, . . . , xk ∈ ‖x‖BX}
≥ sup{inf{‖v‖ : v ≥ x1, x2} : x1, x2 ∈ ‖x‖BX}
≥ inf{‖v‖ : x, y ≤ v},i.e. ‖·‖ is an m≤-norm.1=⇒ 3. Let n ∈ N and x1, . . . , xn ∈ BX . From Theorem 2.2.3 therefollows
inf{‖v‖ : − v ≤ x1, . . . , xn ≤ v} ≤ max{‖x1‖ , . . . , ‖xn‖} ≤ 1and so
V (X+, n) = sup{inf{‖v‖ : v ≥ x1, . . . , xn} : x1, . . . , xn ∈ BX}
≤ sup{inf{‖v‖ : v ≥ x1, . . . , xn ≥ −v} : x1, . . . , xn ∈ BX}
≤ 1.3=⇒ 2. Is lear.5=⇒ 4. The impliation 2=⇒ 1. shows, that ‖·‖ is an m≤-norm, whihin addition now is monotone, and therefore, an m-norm.4=⇒ 6. Sine ‖·‖ is monotone, the inequality
‖v‖ ≥ max{‖x1‖ , . . . , ‖xn‖}holds for arbitrary vetors x1, . . . , xn ∈ BX ∩ X+ suh that v ≥ x1, . . . , xn.Then
V (X+, n) = sup{inf{‖v‖ : v ≥ x1, . . . , xn} : x1, . . . , xn ∈ BX}
≥ sup{inf{‖v‖ : v ≥ x1, . . . , xn} : x1, . . . , xn ∈ BX ∩ X+}
≥ 1.Then V (X+, n) = 1 sine 1=⇒ 3. implies V (X+, n) ≤ 1.6=⇒ 5. Is lear again. 2.3 Some duality propertiesIn this setion we want to examine some duality properties and propertiesof operator spaes for ordered normed spaes with L-, m- and m≤-norms.Some of the results below are proved in [Tzs02℄ and are partially publishedin [TW05℄.We rst haraterize the dual norm to be m≤ or L. Although the nexttwo theorems an easily be obtained with the help of Theorem 2.1.2 andrelated results of setion 2.2 we shall give their short diret proofs.32
2.3. Some duality propertiesProposition 2.3.1. Let X be an ordered normed spae. Consider1. ‖·‖ is an m≤-norm,2. ‖·‖′ is an L-norm.Then 1=⇒ 2. always holds. If, in addition, X is an ordered Banah spaeand the one X+ is losed, then also 2=⇒ 1.Proof. 1=⇒ 2. Let f, g ∈ X ′+ and ε > 0. Conlusion 2.2.6 implies that thereare elements x̃, ỹ ∈ BX ∩ X+ with ‖f‖′ ≤ f(x̃) + ε and ‖g‖′ ≤ g(ỹ) + ε.Sine ‖·‖ is an m≤-norm, there is a vetor v ∈ X+ with x̃, ỹ ≤ v and
‖v‖ ≤ max{‖x̃‖ , ‖ỹ‖} + ε ≤ 1 + ε. Then
‖f‖′ + ‖g‖′ ≤ f(x̃) + g(ỹ) + 2ε ≤ f(v) + g(v) + 2ε
= (f + g)(v) + 2ε ≤ ‖f + g‖′ ‖v‖ + 2ε
≤ ‖f + g‖′ + ε(‖f + g‖′ + 2).Sine ε > 0 was arbitrary, there follows ‖f‖′ + ‖g‖′ ≤ ‖f + g‖′, i.e. ‖f‖′ +
‖g‖′ = ‖f + g‖′.2=⇒ 1. Theorem 4 from [Ng69℄ 2) implies that the open unit ball of Xis upward direted. Then Theorem 2.2.4 ompletes the proof. Thinking on the duality results for AM- and AL-spaes, it is naturalto ask whether the role of m≤ and L-norms an be reversed in Proposition2.3.1. The answer will be given in Theorem 2.3.3. For its proof we need thefollowing lemma.Lemma 2.3.2. Let X be an ordered normed spae with L-norm and repro-duing one X+, α ∈ R. Then the mapping v : X → R
f(x) = α(‖x1‖ − ‖x2‖) with x1, x2 ∈ X+ and x = x1 − x2is a well dened, linear, ontinuous funtional satisfying ‖f‖′ = |α| whih ispositive if and only if α > 0.Proof. First we show that f is orretly dened. Let x = x1 − x2 = x̃1 − x̃2with x1, x2, x̃1, x̃2 ∈ X+. Then x1 + x̃2 = x2 + x̃1 and by taking intoonsideration that ‖·‖ is an L-norm, one has
f(x1 − x2) − f(x̃1 − x̃2) = α(‖x1‖ − ‖x2‖) − α(‖x̃1‖ − ‖x̃2‖)
= α(‖x1‖ + ‖x̃2‖) − α(‖x̃1‖ + ‖x2‖)
= α(‖x1 + x̃2‖) − α(‖x̃1 + x2‖)
= 0. 33
2.3. Some duality propertiesWe show, that f is linear. Let x, y ∈ X and x = x1 −x2 and y = y1−y2,where x1, x2, y1, y2 ∈ X+. Then
f(x) + f(y) = α ‖x1‖ − α ‖x2‖ + α ‖y1‖ − α ‖y2‖
= α(‖x1 + y1‖ − ‖x2 + y2‖)
= f(x + y).So, f is additive. The homogeneity of f is proved as follows. If 0 ≤ λ ∈ Rthen λx = λx1 − λx2 and so
f(λx) = α(‖λx1‖ − ‖λx2‖)
= α(λ ‖x1‖ − λ ‖x1‖)
= λf(x).Sine −x = x2 − x1 one has
f(−x) = α(‖x2‖ − ‖x1‖) = −α(‖x1‖ − ‖x2‖) = −f(x).Now we show that f is ontinuous. Let x = x1 − x2 with x1, x2 ∈ X+suh that ‖x‖ ≤ 1. Then
∣∣f(x)
∣∣ =
∣∣α(‖x1‖ − ‖x2‖)
∣∣ = |α|
∣∣ ‖x1‖ − ‖x2‖
∣∣
= |α|
∣∣ ‖x1 − x2 + x2‖ − ‖x2‖
∣∣
≤ |α|
∣∣‖x1 − x2‖ + ‖x2‖ − ‖x2‖
∣∣ = |α| (‖x1 − x2‖)
= |α| ‖x‖ ≤ |α| ,
(2.16)i.e. f is ontinuous. If x ∈ X+ with ‖x‖ = 1 then
|f(x)| =
∣∣α ‖x‖
∣∣ = |α|holds and hene ‖f‖ = |α|. The last assertion follows from f(x) = α ‖x‖ forpositive α and x ∈ X+. Theorem 2.3.3. Let X be an ordered normed spae with reproduing one
X+ and X ′ its dual spae. Then the following statements are equivalent:1. The norm ‖·‖ is an L-norm.2. The norm ‖·‖′ is an m≤-norm.Proof. 1=⇒ 2. Sine the one X+ in a spae with L-norm is normal by Theo-rem 1.5.2 the dual one X ′+ is reproduing. We show that there is an element
e ∈ X ′+ with the properties ‖e‖′ = 1 and BX′ ⊆ [−e, e]. Then Theorem 2.2.1implies that ‖·‖′ is an m≤-norm.Aording to Lemma 2.3.2 the funtional e that is dened for any x ∈ Xby
e(x) = ‖x1‖ − ‖x2‖ , whereas x = x1 − x2 and x1, x2 ∈ X+ (2.17)34
2.3. Some duality propertiesis an element of X ′+ satisfying the ondition ‖e‖′ = 1. Then for f ∈ X ′ with
‖f‖′ ≤ 1 and x ∈ X+ one has
e(x) = ‖x‖ ≥ ‖f‖′ ‖x‖ ≥ |f(x)| ≥ f(x) ≥ − |f(x)|
≥ −‖f‖′ ‖x‖ ≥ −‖x‖ = −e(x),i.e. −e ≤ f ≤ e and so BX′ ⊆ [−e, e].2=⇒ 1. In view of Proposition 2.3.1 the seond dual norm ‖·‖′′ is an L-norm. Therefore the norm ‖·‖ , as a restrition of ‖·‖′′ on X, is an L-norm,too. Notie that if ‖·‖ is an L-norm on X, then there is a uniformly positivefuntional f ∈ X ′, i.e. there exists a number α > 0 suh that f(x) ≥ α ‖x‖holds for all x ∈ X+ ([KLS89, Theorem 5.6℄). For example, the funtional
e onstruted in the previous proof is uniformly positive and is an interiorpoint of the dual one X ′+.From Theorem 2.2.3 we know, that under the suppositions of Theorem2.3.3 the dual one is approximately absolutely dominating. Atually thedual one is even absolutely dominating. Indeed, in the proof of Theorem2.3.3 it was shown, that for every funtional f ∈ X ′ the order inlusion
−‖f‖′ e ≤ f ≤ ‖f‖′ e holds, where ∥∥‖f‖′ e∥∥′ = ‖f‖′. Moreover, the normon a dual spae is an m≤-norm if and only if it is an m≤-norm with unit.Combining the property of the dual one to be absolutely dominating withTheorem 1.5.2-3 we get the following result.Proposition 2.3.4. If X is an ordered normed spae with reproduing pos-itive one and L-norm, then the norm is absolutely monotone.For an ordered Banah spae X with a losed one X+ the equivalene ofthe statements (i) X+ is approximately dominating, and (ii) the dual normis monotone on X ′+, is known from Theorem 1.5.3-2b, where the impliation(i)=⇒ (ii) holds even in arbitrary ordered normed spaes (see the remarkafter Theorem 1.5.3). By ombining this with the previous duality result,the next proposition follows diretly from Theorem 2.3.3.Proposition 2.3.5. Let X be an ordered Banah spae with a losed repro-duing one X+ and X ′ its dual spae. Then the following statements areequivalent:1. The norm ‖·‖ is an L-norm and X+ approximately dominating.2. The norm ‖·‖′ is an m-norm.We want to point out that, due to the remark above, the impliation1=⇒ 2. also holds for any ordered normed spae with a reproduing one.Next we want to show, that the assertion of Proposition 2.3.5 remainstrue when we renoune the norm ompleteness of X and the loseness of theone X+, but require that X+ has to satisfy the ondition int(X+) 6= ∅. 35
2.3. Some duality propertiesProposition 2.3.6. Let X be an ordered normed spae and X ′ its dual spae,where the one X+ possesses interior points. Then the following statementsare equivalent:1. ‖·‖ is an L-norm and X+ is approximately dominating.2. The norm ‖·‖′ is an m-norm.Proof. Notie that due to int(X+) 6= ∅ the one X+ is reproduing and thatit sues to prove only the impliation2=⇒ 1. From Theorem 2.3.3 we know, that the norm ‖·‖ is an L-norm.To show that X+ is approximately dominating, we assume the opposite,that means, we suppose, there is a positive real number ε > 0 and a vetor
x0 ∈ X with x0 6= 0 suh that for all y ∈ X+ with y ≥ x0 the inequality
‖y‖ ≥ (1 + ε‖x0‖) ‖x0‖ holds. We will show, that the dual norm ‖·‖′ is notmonotone, i.e. an not be an m-norm. Without loss of generality ‖x0‖ = 1holds. Dene the sets Sx0 , Sε ⊆ X by
Sx0 = x0 + X+ = {y ∈ X : x0 ≤ y}
Sε = X+ ∩
(
1 +
ε
2
)
BX .These sets are not empty and int(X+) 6= ∅ implies that Sx0 has a non-empty interior.The sets Sx0 and Sε are disjoint. Indeed, if there is a vetor y ∈ Sx0 ∩Sεthen the relations y ≥ x0 and y ∈ X+ imply ‖y‖ ≥ 1 + ε whih ontraditsto y ∈ (1 + ε2 )BX , i.e. ‖y‖ ≤ 1 + ε2 .The onvexity of the one X+ and the losed unit ball BX yields theonvexity of the sets Sx0 and Sε.Consequently, the sets Sx0 and Sε an be separated, i.e. there is a linearontinuous funtional f 6= 0 and a number λ ∈ R suh that
f(z) ≤ λ ≤ f(y) for all y ∈ Sx0 , z ∈ Sε. (2.18)The funtional f is positive. Indeed, sine x0 +αy ∈ Sx0 for eah y ∈ X+and α > 0, one has
λ ≤ f(x0 + αy) = f(x0) + αf(y)and so, λ−f(x0)
α
≤ f(y) for all α > 0, what implies 0 ≤ f(y). That means
f ∈ X ′+.Sine X+ is reproduing, there is a vetor z ∈ X+ suh that ‖z‖ = 1and f(z) > 0. Obviously, z belongs to Sε what in view of the inequality(2.18) implies λ > 0. Let be y ∈ X+. Then we have 1‖y‖ (1 + ε2) y ∈ Sε andaording to (2.18) one has
f
(
1 + ε2
‖y‖λ
y
)
≤ 1.36
2.3. Some duality propertiesThen
f
(
1 + ε2
λ
y
)
≤ ‖y‖ ≤ e(y) for all y ∈ X+,where e is the funtional e ∈ X ′+ dened by e(x) = ‖x1‖ − ‖x2‖ with x =
x1 − x2, x1, x2 ∈ X+. Therefore the funtional g = 1+ ε2λ f satises theonditions g ≤ e and, by the monotoniity of the ‖·‖′ , also ‖g‖′ ≤ ‖e‖′.On the other hand from x0 ∈ Sx0 and the inequality (2.18) there follows
f(x0) ≥ λ, whih yields
‖g‖′ ≥ g(x0) =
1 + ε2
λ
f(x0) ≥
1 + ε2
λ
λ = 1 +
ε
2
> ‖e‖′ ,whih ontradits the monotoniity of the norm ‖·‖′ on X ′. The next duality relation we an prove only under some restritive on-dition on the embedding of an ordered normed spae X into its seonddual spae X ′′. In general, if we think of X as a subspae of X ′′, onehas X+ = X ′′+∩X. So the order relation in X an be treated as the orderingof X ′′ restrited to X. We will say that X is well-embedded into X ′′, if anytwo vetors x, y ∈ X+ possessing a ommon upper boundary z′′ in X ′′+ havealso an upper boundary z ∈ X+ that is less than or equal to z′′, i.e.
x, y ∈ X+, z
′′ ∈ X ′′+, x, y ≤ z
′′ =⇒ ∃z ∈ X+ : x, y ≤ z ≤ z
′′.Then we an state the following equivalene.Proposition 2.3.7. Let X be an ordered normed spae whih is well-embed-ded into its seond dual spae X ′′. Then the following statements are equiv-alent.1. The norm ‖·‖ is an m-norm.2. The norm ‖·‖′ is an L-norm and X ′+ is dominating.Proof. 1=⇒ 2. Proposition 2.3.1 shows, that ‖·‖′ is an L-norm and due toTheorem 1.5.2-2 the monotoniity of ‖·‖ implies that X ′+ is dominating.2=⇒ 1. The dual spae X ′ is a Banah spae with a losed one, thenorm ‖·‖′ is an L-norm and X ′+ is dominating. Therefore by Proposition2.3.5 the seond dual spae X ′′ is an ordered normed spae with an m-norm,and so ‖·‖ = ‖·‖′′ ∣∣
X
is monotone on X.For ‖·‖ to be an m-norm it sues to establish the inequality (2.5). For
x, y ∈ X+ ⊆ X
′′
+ one has
max{‖x‖ , ‖y‖} = max{‖x‖′′ , ‖y‖′′} = inf{‖v‖′′ : v ∈ X ′′+, v ≥ x, y}.37
2.3. Some duality propertiesSine X is well-embedded into X ′′ and ‖·‖′′ is monotone, for xed v ∈ X ′′+with v ≥ x, v ≥ y there is some w ∈ X+ suh that v ≥ w, w ≥ x, y and
‖v‖′′ ≥ ‖w‖. Therefore
inf{‖v‖′′ : v ∈ X ′′+, v ≥ x, y} ≥ inf{‖w‖
′′ : w ∈ X+, w ≥ x, y}
= inf{‖w‖ : w ∈ X+, w ≥ x, y}.So, one obtains
max{‖x‖ , ‖y‖} ≥ inf{‖w‖ : w ∈ X+, w ≥ x, y}.
The embedding ondition holds, for instane, if X is an ordered normedspae suh that (X,X+) forms a vetor lattie. Under the natural embedding
X → X ′′ the spae X an be identied with some topologial sublattie of
X ′′, see [SW99, V.7℄. That means, the inma and suprema of nite subsetsof (X,X+) are preserved and, in partiular, for every x, y ∈ X the vetors
x ∨X y in X and x ∨X′′ y in X ′′ oinide. For the ase of a Banah lattie,see e. g. [AB85, Theorem 5.4,Corollary 12.5℄.We nish this setion with some notes on spaes of linear operators be-tween two ordered normed spaes. For that let X and Y be two orderednormed spaes and (see the notations on page 26) L = L(X,Y ) is the spaeof all ontinuous linear operators from X to Y . As mentioned before, the set
L+ = L+(X,Y ) of all positive operators T ∈ L is a one provided the one
X+ is weakly reproduing. We are now interested in some order propertiesof the ordered normed spae (L,L+, ‖·‖L), where ‖·‖L denotes the operatornorm on L. We assume for simpliity that X+ and Y+ are reproduing onesand prove some results similar to those of Theorem 2.3.3 and Proposition2.3.1 (see also [Sh84, III.8℄).Theorem 2.3.8. Let X and Y be two ordered normed spaes. If ‖·‖X is anL-norm then the following assertions are equivalent:1. ‖·‖Y is an m≤-norm with unit.2. ‖·‖L is an m≤-norm with unit.Proof. 1=⇒ 2. If eY is the order unit in Y orresponding to the m≤-norm
‖·‖Y then dene the operator E : X → Y by E(x) = (‖x1‖X − ‖x2‖X)eY ,where x = x1 − x2 is any representation of x as a dierene of two posi-tive elements of X. Analogous to Lemma 2.3.2 one an show that E is awell dened positive linear ontinuous operator, i.e. an element of L+ with
‖E‖L = 1.In view of the assumption for any F ∈ L with ‖F‖L ≤ 1 and x ∈ X+the following inlusions F (x) ∈ ‖x‖X BY ⊆ ‖x‖X [−eY , eY ] = [−E(x), E(x)]38
2.3. Some duality propertieshold. This means −E ≤ F ≤ E. So, BL ⊆ [−E,E], and by means ofTheorem 2.2.1, we onlude that ‖·‖L is an m≤-norm with unit.2=⇒ 1. Let EL be the order unit in L orresponding to the m≤-norm
‖·‖L. Sine ‖EL‖L = 1, for any x ∈ X+ with ‖x‖X = 1 one has ‖EL(x)‖Y ≤
1. Due to Lemma 2.3.2, the funtional f : X → R with f(x) = ‖x1‖X −
‖x2‖X , where x = x1 − x2 and x1, x2 ∈ X+, is well dened and ontinuous,in partiular ‖f‖ = 1. Consequently, the operator Fy : X → Y with Fy(x) =
f(x)y is ontinuous for eah y ∈ Y and ‖Fy‖L = ‖y‖Y .Now x some element x ∈ X+ with ‖x‖X = 1 and let u = EL(x) ∈ Y .Consequently ‖u‖Y ≤ 1. Let y ∈ BY . Sine ‖Fy‖L ≤ 1 we obtain −EL ≤
Fy ≤ EL. In partiular −EL(x) ≤ Fy(x) ≤ EL(x) and therefore −u ≤ y ≤ u.In order to omplete the proof it remains to apply Theorem 2.2.1. A diret impliation of the previous theorem is, that if X and Y are or-dered normed spaes, whereas the norm on X is an L-norm and the norm on
Y an m≤-norm with unit, then the positive one of L(X,Y ) is reproduing,in partiular eah linear ontinuous operator T : X → Y is regular, see e. g.[Abr90, Theorem 8.3℄.Theorem 2.3.9. If ‖·‖X is an m≤-norm then the following assertions areequivalent:1. ‖·‖Y is an L-norm.2. ‖·‖L is an L-norm.Proof. 1=⇒ 2. Due to Proposition 2.3.4 the norm ‖·‖Y is absolutely mono-tone and hene, applying Proposition 2.2.5, the norms of two positive op-erators S, T ∈ L+ are positively attained. Consequently, xating some
ε > 0, there are two elements x, y ∈ X+ ∩ BX with ‖S‖L ≤ ‖Sx‖Y + εand ‖T‖L ≤ ‖Ty‖Y + ε. Sine ‖·‖X is an m≤-norm, we onlude, that thereis an z ∈ X+ ∩ (1 + ε)BX suh that z ≥ x, y. The positivity of S and Timplies Sz ≥ Sx respetively Tz ≥ Ty and, together with the monotoniityof ‖·‖Y , one has ‖Sz‖Y ≥ ‖Sx‖Y and ‖Tz‖Y ≥ ‖Ty‖Y . Sine ‖·‖Y is anL-norm, ‖Sz‖Y + ‖Tz‖Y = ‖Sz + Tz‖Y follows. Now one obtains a similarestimation as in the proof of Proposition 2.3.1, i.e.:
‖S‖L + ‖T‖L ≤ ‖Sx‖Y + ‖Ty‖Y + 2ε ≤ ‖Sz‖Y + ‖Tz‖Y + 2ε
= ‖(S + T )z‖Y + 2ε ≤ ‖S + T‖L ‖z‖Y + 2ε
≤ ‖S + T‖L + ε(‖S + T‖L + 2).Sine ε > 0 was arbitrary, one onludes ‖S‖L + ‖T‖L ≤ ‖S + T‖L, andso ‖S‖L + ‖T‖L = ‖S + T‖L. 39
2.3. Some duality properties2=⇒ 1. Let y1, y2 ∈ Y+ and f ∈ X ′+ with ‖f‖X′ = 1. Dene S, T : X →
Y by Sx = f(x)y1 and Tx = f(x)y2. Then 0 ≤ S, T ∈ L and ‖S‖L = ‖y1‖Y ,
‖T‖L = ‖y2‖Y . Therefore
‖y1‖Y + ‖y2‖Y = ‖S‖L + ‖T‖L = ‖S + T‖L
= sup
x∈BX
‖(S + T )x‖Y = sup
x∈BX
‖f(x)y1 + f(x)y2‖Y
= sup
x∈BX
|f(x)| ‖y1 + y2‖Y = ‖y1 + y2‖Y ,i.e. ‖y1‖Y + ‖y2‖Y = ‖y1 + y2‖Y . 
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Chapter 3Generalized disjointnessThe well-known and useful notion of disjointness in vetor latties is yetgeneralized, e. g. in [GK04℄, where this disjointness is alled sv-disjointnessand is denoted by x⊥svy. First we will examine this generalization andshow some basi properties. Later disjoint elements in arbitrary orderednormed spaes will be haraterized by means of speial sets of positivelinear ontinuous funtionals. Provided that suh set exists, this disjointnessbehaves similar to disjointness of real ontinuous, pointwise ordered funtionson a subset T ⊆ R.3.1 Disjointness in ordered vetor spaesLets reall the following denition from 1.1. In a vetor lattie (X,X+) twoelements x, y ∈ X are disjoint (notation x⊥y), if they satisfy the equation
|x| ∧ |y| = 0. (3.1)Equivalently one an also say, two elements x, y of a vetor lattie aredisjoint, if and only if |x + y| = |x − y| holds (see e. g. [AB85, Theorem1.4(4)℄). That means, every upper bound of the set {x+y,−x−y} is also anupper bound of {x − y,−x + y} and vie versa. This relation will be takenas a basis for the following denition.Let X be an ordered vetor spae. Two elements x, y ∈ X are alleddisjoint (also denoted by x⊥y), if the sets {z ∈ X : − z ≤ x + y ≤ z} and
{z ∈ X : − z ≤ x − y ≤ z} are equal, or in other words, if the relation
−z ≤ x + y ≤ z ⇐⇒ −z ≤ x − y ≤ z (3.2)holds for all z ∈ X.It should be noted, that the sets {z ∈ X : − z ≤ x + y ≤ z} and
{z ∈ X : − z ≤ x− y ≤ z} are not empty for eah pair x, y ∈ X, if and onlyif X+ is reproduing. So we always assume, that the one X+ is reproduing.41
3.1. Disjointness in ordered vetor spaesObviously, if (X,X+) is a vetor lattie, this denition oinides withthe ommon one (equation (3.1)). Let x, y be two elements of an orderedspae. The denition of disjointness immediately implies x⊥(−y) and y⊥x,provided x⊥y and onsequently (−y)⊥x, y⊥(−x) and so on.Some further properties of disjoint elements, that are well known or easyto verify for vetor latties, hold also in the general ase of ordered spaesand are summarized in the following theorem.Proposition 3.1.1. Let X be an ordered vetor spae and x, y two elementsof X.1. x⊥x ⇐⇒ x = 0.2. x⊥y for all y ∈ X ⇐⇒ x = 0.3. If x and y are disjoint, then(a) z1 ≤ x, y ≤ z2 =⇒ z1 ≤ 0 ≤ z2,(b) z1 ≤ x, y ≤ z2 =⇒ z1 ≤ x + y ≤ z2,() −z ≤ x + y ≤ z ⇐⇒ −z ≤ x ≤ z and − z ≤ y ≤ z,(d) 0 ≤ x + y ⇐⇒ 0 ≤ x, y.4. If x and y are positive, then x⊥y holds, if and only if the relation
z ≤ x, y implies z ≤ 0.5. If the ordered vetor spae X satises the RDP, then for any pair ofnon-disjoint positive elements x, y there is a vetor z ∈ X+ with 0 <
z ≤ x, y.Proof. 1. If x ∈ X and x⊥x, then −z ≤ 2x ≤ z ⇔ −z ≤ 0 ≤ z for z ∈ X.In partiular −0 ≤ 2x ≤ 0, i. e. x = 0. The opposite diretion is obvious.2. ⇒. Let x ∈ X suh that x⊥y for all y ∈ X. In partiular x⊥x, whatimplies x = 0 by the rst statement.
⇐. Clearly −z ≤ y + 0 ≤ z ⇐⇒ −z ≤ y − 0 ≤ z holds for all y ∈ X.3a. Let x, y ∈ X be disjoint elements and z1 ∈ X suh that z1 ≤ x, y.Then 2z1 ≤ 2x and −2y ≤ −2z1 yield
2z1 − x − y ≤ 2x − x − y = x − y = −2y + x + y ≤ −2z1 + x + y.Sine x and y are disjoint, the previous inequality implies 2z1 − x − y ≤
x + y ≤ −2z1 + x + y. Thus 0 ≤ −2z1 and onsequently, z1 ≤ 0. If z2 ∈ Xsatises x, y ≤ z2 then −z2 ≤ −x,−y and so −z2 ≤ 0 follows from theprevious argument, sine (−x)⊥(−y).3b. Let x⊥y and z1 ≤ x, y ≤ z2. Then −z2 + x + y ≤ −x + x + y = yand −z2 + x + y ≤ −y + x + y = x. Due to statement 3a. there follows42
3.1. Disjointness in ordered vetor spaes
−z2 + x + y ≤ 0 and hene x + y ≤ z2. Sine −x,−y ≤ −z1, the samearguments yield −x − y ≤ −z1 and onsequently, z1 ≤ x + y.3. Let x, y, z ∈ X suh that x⊥y and −z ≤ x + y ≤ z. Sine x and yare disjoint, the inequalities −z ≤ ±x ± y ≤ z also holds. Then z ± x ≥ yas well as y ± x ≥ −z and therefore z − x ≥ y = x + y − x ≥ x − z as wellas z + x ≥ y = −x + y + x ≥ −x − z. These inequalities imply −z ≤ x ≤ zand onsequently −z ≤ y ≤ z. The inverse impliation follows immediatelyfrom statement 3b.3d. ⇒. Assume 0 ≤ x + y. Then −(x + y) ≤ x + y and due to thedisjointness of x and y one obtains −x − y ≤ x − y ≤ x + y. From theseinequalities 0 ≤ x and 0 ≤ y follows. The inverse statement holds forarbitrary elements x, y ∈ X.4. The neessity is lear due to statement 3a.Assume now that x, y ≥ 0 and z ∈ X satisfying −z ≤ x + y ≤ z. Sine
x and y are positive, there also hold z ≥ x + y ≥ x − y ≥ −x − y ≥ −z.Now, if z ∈ X suh that −z ≤ x − y ≤ z. Sine x − z ≤ y we have
x+y−z ≤ 2y and y−z ≤ x implies x+y−z ≤ 2x. Due to the presupposition,
x + y − z ≤ 0 holds, or equivalently x + y ≤ z. The inequality −z − x ≤ −yimplies −z − x − y ≤ −2y ≤ 0 and hene −z ≤ x + y ≤ z.5. Aording to statement 4. there is a non-negative element z ≤ x, y.Due to the RDP, there is a vetor u ∈ X with 0, z ≤ u ≤ x, y. Sine z is notless than zero, u 6= 0 holds. 
• As in the vetor lattie ase, for any non-empty subset S ⊆ X thedisjoint omplement S⊥ denotes the set
S⊥ = {y ∈ X : y⊥x ∀x ∈ S}.Obviously 0 is an element of S⊥ for any non-empty subset S ⊆ X.Some well known properties of the disjoint omplement for subsets ofvetor latties are also true for the disjoint omplement of a subset in anarbitrary ordered spae.Proposition 3.1.2. Let X be an ordered spae.1. If S ⊆ X, then S ∩ S⊥ ⊆ {0} and S⊥ ∩ S⊥⊥ = {0}.2. If x, y ∈ X are disjoint, then {x}⊥⊥ ⊆ {y}⊥ (and hene {y}⊥⊥ ⊆
{x}⊥).3. If x⊥y, then {x}⊥⊥ ∩ {y}⊥⊥ = {0}.Proof. Statement 1. follows immediately from Proposition 3.1.1-1 and 3.1.1-2. 2. Let x, y ∈ X be disjoint and z ∈ {x}⊥⊥. In other words, z⊥u holdsfor all u ∈ {x}⊥, in partiular z⊥y, i. e. z ∈ {y}⊥. 43
3.2. Disjointness-deteting sets3. Statement 2. implies {x}⊥⊥ ∩ {y}⊥⊥ ⊆ {y}⊥ ∩ {y}⊥⊥ and due tostatement 1. one has {y}⊥∩{y}⊥⊥ ⊆ {0}. Therefore {x}⊥⊥∩{y}⊥⊥ ⊆ {0}.Sine 0 ∈ S⊥ for every subset S ⊆ X, the inlusion 0 ∈ {x}⊥⊥ ∩ {y}⊥⊥holds. The disjoint omplement of an arbitrary subset in a vetor lattie isalways a linear subspae. In [GK04, Corollary 2.2℄ it is shown, that this isalso true in the ase that the ordered vetor spae is order dense in somevetor lattie, i. e. the result holds for pre-Riesz spaes, too. In general, if
X is an arbitrary ordered spae, the disjoint omplement of a subset of Xneed not to be a linear subspae, see e. g. [GK04, Example 4.3℄.It is also well known, that the disjoint omplement of a subset S of anormed vetor lattie X is even a losed subspae of X (see e. g. 1.2, inpartiular Theorem 1.2.1). With mild presupposition the disjoint omple-ment is also losed in the ase of an arbitrary ordered normed spae.Theorem 3.1.3. Let X be an ordered normed spae with losed M -domi-nating one X+, S ⊆ X. Then S⊥ is a losed linear subspae of X.Proof. The assumptions on the one X+ imply, that X is Arhimedean (The-orem 1.4.4) and X+ is reproduing (see 1.4). So X is a pre-Riesz spae(Theorem 1.1.9) and hene S⊥ a linear subspae. To omplete the proof, let
(xn) ⊆ S
⊥ be a sequene onverging to some element x ∈ X. We have toshow x⊥y for eah y ∈ S.Sine X+ is M -dominating, for every n ∈ N there are elements x̃1n, x̃2n ∈
X+ with x − xn ≤ x̃1n, xn − x ≤ x̃2n and ∥∥x̃1n∥∥ ,∥∥x̃2n∥∥ ≤ M ‖x − xn‖. Put
x̃n = x̃
1
n + x̃
2
n. Then x̃n ∈ X+, −(xn − x) ≤ x̃1n ≤ x̃n as well as xn − x ≤
x̃2n ≤ x̃n and ‖x̃n‖ ≤ 2M ‖x − xn‖, whih implies x̃n → 0.Let y ∈ S and z ∈ X suh that −z ≤ y + x ≤ z. We show that
−z ≤ y − x ≤ z holds. Combining y + xn = y + x + xn − x ≤ z + x̃n and
−z − x̃n ≤ y + x − (x − xn) = y + xn we get −z − x̃n ≤ y + xn ≤ z + x̃n.Sine y⊥xn there follows also the relation −z − x̃n ≤ y − xn ≤ z + x̃n, i. e.
−z ≤ y − xn + x̃n and y − xn − x̃n ≤ z. Sine X+ is losed, we arrive at
−z ≤ y − x and y − x ≤ z, i. e. −z ≤ y − x ≤ z.The impliation −z ≤ y − x ≤ z =⇒ −z ≤ y + x ≤ z an be provedanalogously. Therefore x⊥y is established. 3.2 Disjointness-deteting setsIn this setion we want to investigate sets of positive linear ontinuous fun-tionals, that an be used for deteting whether two elements of an orderednormed spae X are disjoint or not.44
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• For a xed subset S ⊆ X ′+ two elements x, y ∈ X are alled S-disjoint ,whenever
{f ∈ S : f(x) 6= 0} ∩ {f ∈ S : f(y) 6= 0} = ∅ (3.3)or equivalently
f(x) 6= 0 =⇒ f(y) = 0 for all f ∈ S. (3.4)(Notation x⊥Sy, A⊥S for A ⊆ X aordingly.)
• We all a subset S ⊆ X ′+ in the dual spae X ′ of an ordered normedspae X disjointness-deteting , if the S-disjointness and the usual disjoint-ness1 in X oinide, i. e. whenever for any x, y ∈ X:
x⊥Sy ⇐⇒ x⊥y. (3.5)Before we introdue and examine a speial lass of disjointness-detetingsets, we reall the following ondition for sets of linear ontinuous funtionals(see e. g. [KLS89℄).
• A set S ⊆ X ′+ is said to be a total set (on X), if
x ∈ X+ ⇐⇒ f(x) ≥ 0 for all f ∈ S.In other words, a total set S an be used, to test elements of X to be positive.Clearly, when S ⊆ X ′+ is total, then for all x > 0 there is a funtional
f ∈ S, suh that f(x) > 0 holds. Indeed if f(x) = 0 for all f ∈ S and some0 < x then f(−x) ≥ 0 ontraditing, S is total.Now note the following relation between total sets and disjointness-deteting sets in vetor latties.Lemma 3.2.1. Let X be a vetor lattie and ‖·‖ a norm on X. Everydisjointness-deteting set S ⊆ X ′+ is a total set.Proof. Assume, S ⊆ X ′+ is disjointness-deteting, but not a total set. Thenthere is an element x ∈ X with x 6∈ X+ but f(x) ≥ 0 for all f ∈ S. Thisimplies f(x+) ≥ f(x−) ≥ 0 for all f ∈ S. Hene
{f ∈ S : f(x−) 6= 0} ⊆ {f ∈ S : f(x+) 6= 0}.Sine S is disjointness-deteting, for the disjoint vetors x+ and x− onehas
∅ = {f ∈ S : f(x+) 6= 0} ∩ {f ∈ S : f(x−) 6= 0}
= {f ∈ S : f(x−) 6= 0}.By applying the equation (3.4) to x− and any y ∈ X it is easy to see,that x− is disjoint to every element y ∈ X. Therefore x− = 0 and so x = x+,ontraditing x 6∈ X+. 1Note, that X is an arbitrary ordered spae, suh that the disjointness of 3.1 is applied.45
3.2. Disjointness-deteting setsIn the general ase of ordered normed vetor spaes, not every disjoint-ness-deteting set is also total, as the following example shows.Let X = {x ∈ C[0, 4] : x(t) = x2t2 + x1t + x0, x2, x1, x0 ∈ R} withthe pointwise order x ≥ 0 ⇔ x(t) ≥ 0∀t ∈ [0, 4] and supremum norm
‖x‖ = sup{|x(t)| : t ∈ [0, 4]}. First mention, that any non-zero funtion in
X an have at most two zeros in [0, 4].We will show, that two elements are disjoint if and only if at least one ofthem is equal to zero. Clearly x⊥0 for every x ∈ X. What remains to show isthat whenever x, y ∈ X \{0}, then x and y are not disjoint. For that assume
x, y ∈ X \{0} and t0 ∈ [0, 4] suh that x(t0) 6= 0 and y(t0) 6= 0. Without lossof generality2 let 0 < y(t0) ≤ x(t0). Consequently ±(x(t0) − y(t0)) < x(t0).In order to prove that x and y are not disjoint, it sues to speify an element
z ∈ X with −z ≤ x − y ≤ z and z(t0) = x(t0). Then z(t0) < x(t0) + y(t0),i. e. x + y 6≤ z and relation (3.2) is not satised. Indeed, sine ±(x − y) areontinuous funtions, there exists δ > 0 suh that ±(x − y)(t) ≤ x(t0) foreah t ∈ [t0 − δ, t0 + δ] ∩ [0, 4]. Dene ∆ = max{x(t0), ‖x − y‖}. Then thereis a unique polynomial z̃ ∈ C(R) of maximal degree two with
z̃(t0 − δ) = z̃(t0 + δ) = ∆ and z̃(t0) = x(t0).Now the funtion z = z̃|[0,4] belongs to X and satises the onditions
z(t0) = x(t0)and z(t) ≥ z(t0) ≥ ±(x − y)(t) for t ∈ [t0 − δ, t0 + δ] ∩ [0, 4] as well as
z(t) ≥ ‖x − y‖ ≥ ±(x − y)(t) for t ∈ [0, 4] \ [t0 − δ, t0 + δ], i.e.
−z ≤ x − y ≤ z.To nish the example we show, that the set S = {fi ∈ X ′+ : fi(x) =
x(i), i = 0, . . . , 4} ⊆ X ′+ is disjointness-deteting but not total. Sine theset {f ∈ S : f(0) 6= 0} is learly the empty set, the equation (3.3) holds,whenever x, y ∈ X are disjoint in X (i. e. x = 0 or y = 0). On the otherhand, if x, y ∈ X\{0} and hene x is not disjoint to y, then both x and y havea maximal number of two zeros. Thereto, the sets Sx = {f ∈ S : f(x) 6= 0}and Sy = {f ∈ S : f(y) 6= 0} ontain at least three elements and hene
Sx ∩ Sy 6= ∅, that means S is disjointness-deteting.
S is not total, beause the funtion z ∈ X with z(t) = t(t − 1) has theproperties z(t) < 0 for t ∈ (0, 1) (i. e. z 6∈ X+) and f(z) ≥ 0 for all f ∈ S.Lemma 3.2.2. Let Y be an ordered normed spae and X ⊆ Y an orderdense subspae. If Ŝ ⊆ Y ′+ and S = {f = f̂ |X : f̂ ∈ Ŝ} ⊆ X ′+, then
S is a total set on X ⇐⇒ Ŝ is a total set on Y2Otherwise replae x or y by −x respetively −y or interhange x and y.46
3.2. Disjointness-deteting setsProof. ⇐. Clear.
⇒. Suppose, Ŝ is not total. Then there is an element y ∈ Y , suhthat y 6∈ Y+ although f̂(y) ≥ 0 for all f̂ ∈ Ŝ. Sine X is order dense in
Y (and hene y = inf{z ∈ X : y ≤ z}), there is an element x ∈ X with
x ≥ y and x 6∈ X+. Indeed, if any z ∈ X with y ≤ z would belong to X+,then y = inf{z ∈ X : y ≤ z} ≥ 0 would follow, disagreeing y 6∈ Y+. Now
f(x) = f̂(x) ≥ f̂(y) ≥ 0 for all f ∈ S and some arbitrary extension f̂ of fin Ŝ, ontraditing, that S is total. Before a speial lass of disjointness-deteting sets will be introdued andexamined, we investigate some total sets to be disjointness-deteting, in twoexamples. Moreover, some subsequent results will be motivated by theseexamples.For the rst example let T = [0, 1], X be the spae of all ontinuousreal funtions C(T ) together with the pointwise order and the supremumnorm. In (X,X+) two elements x and y are disjoint, if and only if theirsupports3 are disjoint, i. e.
{t ∈ T : x(t) 6= 0} ∩ {t ∈ T : y(t) 6= 0} = ∅. (3.6)Now for every point t in T let ft ∈ X ′ be the linear ontinuous funtionaldened by ft(x) = x(t) (x ∈ X). Denote for any given subset S ⊆ T by X ′Sthe set X ′S = {ft : t ∈ S} ⊆ X ′+. Then the equation (3.6) an be written as
{ft ∈ X
′
T : ft(x) 6= 0} ∩ {ft ∈ X
′
T : ft(y) 6= 0} = ∅. (3.7)That means, X ′T is disjointness-deteting as well as (obviously) total.For the seond example let T = [0, 1] and X ⊂ C(T ) be the subset of allreal funtions, that are representable as x(t) = (1−t)x1+tx2 with x1, x2 ∈ Rand t ∈ T together with the indued vetor spae operations, norm and orderfrom C(T ). Two elements x(t) = (1 − t)x1 + tx2, y(t) = (1 − t)y1 + ty2 ∈ Xare disjoint, if and only if x1y1 = x2y2 = 0. Indeed, X is isomorphi to R2equipped with the usual order and maximum norm4. Moreover, X is evena normed vetor lattie. In this example the set X ′T = {ft : t ∈ T = [0, 1]}is total, but not disjointness-deteting, sine for y(t) = t ∈ X+ and z(t) =
1− t ∈ X+ there holds y ∧ z = 0, i. e. y⊥z but {ft ∈ X ′T : ft(y) 6= 0}∩ {ft ∈
X ′T : f(z) 6= 0} = {ft ∈ X
′
T : t ∈ (0, 1)} 6= ∅.Now some remarks to the examples.a) Conerning the rst example we notie the following. Obviously, onedoes not need the whole set T (and hene only a subset of X ′T ) to deide,3We use the open set {t ∈ T : x(t) 6= 0} as the support of a ontinuous funtion
x ∈ C(T ) instead of its losure.4where the isomorphism Φ: X → R2 is dened by Φ(x) = Φ ((1 − t)x1 + tx2) = ( x1x2 )47
3.2. Disjointness-deteting setswhether two elements of X are disjoint or not. For example, whenever S isa dense subset of T , then X ′S is also disjointness-deteting and total.b) On the other hand, if S is not dense in T , i. e. T \ S has an interiorpoint, then X ′S is neither disjointness-deteting nor total. Indeed. Withoutloss of generality, U = T \ S is open. Then there is a funtion x 6= 0 in X,with x(t) < 0 for t ∈ U and x(t) = 0 for t ∈ T \ U (i. e. x 6∈ X+). Thisimplies ft(x) = 0 for all ft ∈ X ′S , i. e. X ′S is not total and due to Lemma3.2.1 not suitable to deide the disjointness of two funtions in X.
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) Now equip X ′T with the indued weak*-topology of X ′. Then a subset
S ⊆ T is dense in T if and only if X ′S is weak*-dense in X ′T .5 To show that,let be S = T \ U for some open set U , i. e. S is not dense in T . If s ∈ U ,then there is a ontinuous funtion xs ∈ X with xs(s) > 1 and xs is equalto zero on S, i. e. xs(t) = 0 for t ∈ S. The set Cs = {ft ∈ X ′T : ft(xs) > 1}is weak*-open. Then fs ∈ Cs and X ′S ⊆ X ′T \ Cs, that means, X ′S is notweak*-dense in X ′T .For the opposite diretion let X ′S ⊆ X ′T suh that X ′S is not weak*-densein X ′T , i. e. there is a funtional fs ∈ X ′T and a weak*-open neighborhood
Cs ⊆ X
′
+ of fs suh that X ′S ⊆ X ′T \Cs, where without loss of generality Csmight be assumed as
Cs =
{
ft ∈ X
′
T : |ft(xi) − fs(xi)| < εi, xi ∈ X, εi > 0, i = 1, . . . , n
}
=
{
ft ∈ X
′
T : |xi(t) − xi(s)| < εi, xi ∈ X, εi > 0, i = 1, . . . , n
}
.Sine all funtions xi are ontinuous, there is even an open neighborhood Uof s with fu ∈ Cs for all u ∈ U . That means S ⊆ T \ U and hene S is notdense in T .d) The remarks a) and b) an be summarized as follows. A subset X ′Sof X ′T is total as well as disjointness-deteting, if and only if S is dense in
T . Combining this with the remark ) we are able to identify the total anddisjointness-deteting subsets of X ′T , with the help of the weak*-topology on5More general one an say, that T and X ′T are homeomorphi (with the natural home-omorphism Φ: T → X ′T , Φ(t) = ft), that means, from the topologial point of view Tand X ′T are idential (see e. g. [Wer02, p424, Satz VIII.3.6, Lemma B.2.7℄). Here we onlyneed (and prove) this partial result.48
3.2. Disjointness-deteting sets
X ′T . More preisely we have
X ′S is disjointness-deteting and total
(⇐⇒S ⊆ T is dense in T )
⇐⇒X ′S is weak*-dense in X ′T .e) In the seond example, there are subsets of X ′T that are not weak*-dense in X ′T , but total. For instane if one hooses S = {0, 1} and hene
X ′S = {f0, f1}. Indeed, X ′S is not weak*-dense in X ′T . However, sine x⊥yholds for x, y ∈ X whenever x1y1 = x2, y2 = 0, the set X ′S is disjointness-deteting and sine x ≥ 0 if and only if x1, x2 ≥ 0, X ′S is also total. Fur-thermore no proper subset of it is total or disjointness-deteting.f) Note, that in both examples the set X ′T is a subset of the base D =
{f ∈ X ′+ : f(1) = 1} of the dual one X ′+. In the rst example X ′T is exatlythe set of all extreme points of D (see [Köt66, 25.2 p337, 14.9 p141℄). Inthe seond example, the set of all extreme points of D is X ′S from remark e).These thoughts lead diretly to the following denition.
• Let X be an ordered normed spae, X ′ its dual spae and E ⊆ X ′+ anorm bounded total set. We will all E minimal total , whenever for every
f ∈ E and every weak*-open neighborhood Uf of f , the set E \ Uf is nottotal.In partiular, a total set E is minimal total when eah proper subset of
E is not total, or, in other words, when for every f ∈ E there is an element
x 6∈ X+, suh that g (x) ≥ 0 for all g ∈ E \ {f}.If some E ⊆ X ′+ is total, then for every x 6∈ X+ there is a funtional
f ∈ E, with f(x) < 0. This implies, that x is not ontained in the losure ofthe positive one X+, i. e. a neessary ondition for the existene of a totalset in X ′+ is that X+ is losed and hene X is Arhimedean (see Theorem1.4.4).In the following proposition we introdue an equivalent haraterizationof minimal total sets.Proposition 3.2.3. Let X be an ordered normed spae and E ⊆ X ′+ ∩ BX′a total set. Then E is minimal total if and only if eah subset S ⊆ E suhthat E is not inluded in the weak*-losure of S is not total.Proof. For this proof we denote the weak*-losure of some set S ⊆ X ′ by S.
⇒. Let S ⊆ E be a set with E 6⊆ S. In other words, there is a funtional
f ∈ E and a weak*-open neighborhood Uf of f , suh that S ∩ Uf = ∅(otherwise f ∈ S). Then S ⊆ E \ Uf and by denition E \ Uf is not total.So S is also not total.
⇐. Let f ∈ E and Uf be a weak*-open neighborhood of f . If S = E\Uf ,then f 6∈ S. That means E 6⊆ S, so by supposition S is not total. 49
3.2. Disjointness-deteting setsIn the rst example of this setion we notied, that X ′T is total. Further-more every weak*-dense subset of X ′T is also total. This observation is truein general and extends even to minimal total subsets.Theorem 3.2.4. If X is an ordered normed spae and E ⊆ X ′+. Then1. E is total, if and only if the weak*-losure of E is total.2. E is minimal total, if and only if the weak*-losure of E is minimaltotal.Proof. In this proof we denote the weak*-losure of some set S ⊆ X ′ by S.1. If E is total, learly E is total. On the other hand, let E be a totalset. That means, for every x 6∈ X+ there is a funtional fx ∈ E, with
αx = fx(x) < 0. Then Ufx = {g ∈ X ′ : g(x) < αx2 } is a weak*-openneighborhood of fx. Sine E is weak*-dense in E, there is a funtional
gx ∈ E ∩ Ufx , i. e. gx(x) < αx2 < 0. Sine x 6∈ X+ was arbitrarily hosen, itfollows, that E is total.2. ⇒. Let the subset E ⊆ X+ be minimal total, in partiular, normbounded and total. Clearly, E is also norm bounded and total. Due toProposition 3.2.3 the set E is minimal total if we show that every subset
S ⊂ E with E 6⊆ S is not total.If S is suh subset of E, then there exists a funtional f ∈ E belongingto S̃ = X ′ \ S, whereas S̃ is a weak*-open neighborhood of f . Thereforethere exists an element g ∈ S̃ ∩ E. By the regularity of the weak*-topology(Theorem 1.2.2) there are disjoint weak*-open neighborhoods Ug and US of gand S, respetively. Sine E is minimal total, E′ = E \Ug and onsequently
E′ (see statement 1) are not total.Sine S ⊆ US and S ⊆ E, we have S ⊆ E ∩ US . We show now, that
E ∩ US ⊆ E ∩ US . (3.8)Then from
S ⊆ E ∩ US ⊆ E ∩ US ⊆ E′it is immediate, that S is not total, as a subset of the non-total set E′.In order to establish the inlusion (3.8) let be h ∈ E ∩US . Then h ∈ USand there is a net (hα) ⊆ E with hα → h in the weak* topology. Then thereis an index α0 suh that for all α ≥ α0 one has hα ∈ US and so hα ∈ E∩US ,i. e. h ∈ E ∩ US .
⇐. Let E be minimal total, then E is total by statement 1 and alsobounded. If now E′ is a subset of E suh that E 6⊆ E′ then E′ ⊆ E and
E 6⊆ E′. Now we apply Proposition 3.2.3 twie, the rst time to show, that
E′ is not total, and the seond time, to nish the proof, that means to show,that E is minimal total. 50
3.2. Disjointness-deteting setsThe relation between the lass of disjointness-deteting sets and thelass of total sets an be summarized as follows. In vetor latties ev-ery disjointness-deteting set is total (see Lemma 3.2.1). In the generalase a disjointness-deteting set might not be total. Not every total set isdisjointness-deteting, as one an see in the example at page 46, howeverany minimal total set is, as shown by the next result.Theorem 3.2.5. Let X be an ordered normed spae with a reproduing one
X+. Then every minimal total set is disjointness-deteting. More preisely:If E is a total set and x, y ∈ X then
x⊥Ey =⇒ x⊥y.If E is minimal total, then
x⊥Ey ⇐⇒ x⊥y.Proof. Let E ⊆ X ′ be a total set and x, y ∈ X are two E-disjoint elements.This implies E = Ex∪Ey for Ex = {f ∈ E : f(x) = 0}, Ey = {f ∈ E : f(y) =
0}. We show that x⊥y.Let z satisfy−z ≤ x+y ≤ z. In order to establish −z ≤ x−y ≤ z we showthat f(z−x+y), f(z+x−y) ≥ 0 for all f ∈ E. Sine z−x−y, z+x+y ≥ 0and E ⊆ X ′+ is a total set, we have for f ∈ Ey
f(z − x + y) = f(z − x) + f(y) = f(z − x) − f(y) = f(z − x − y) ≥ 0and for f ∈ Ex
f(z − x + y) = f(z + y) − f(x) = f(z + y) + f(x) = f(z + x + y) ≥ 0and onsequently z−x+y ≥ 0 or equivalently x−y ≤ z. Similarly, if f ∈ Eythen
f(z + x − y) = f(z + x) − f(y) = f(z + x) + f(y) = f(z + x + y) ≥ 0and if f ∈ Ex then
f(z + x − y) = f(z − y) + f(x) = f(z − y) − f(x) = f(z − x − y) ≥ 0and onsequently z + x − y ≥ 0 or equivalently −z ≤ x − y and together
−z ≤ x − y ≤ z.For the inverse impliation (−z ≤ x − y ≤ z ⇒ −z ≤ x + y ≤ z) let
z ∈ X satisfy −z ≤ x − y ≤ z. Similar onsiderations as above lead to
f(z − x − y) = f(z − y) − f(x) = f(z − y) + f(x) = f(z + x − y) ≥ 0
f(z + x + y) = f(z + y) + f(x) = f(z + y) − f(x) = f(z − x + y) ≥ 051
3.2. Disjointness-deteting setsfor f ∈ Ex and to
f(z − x − y) = f(z − x) − f(y) = f(z − x) + f(y) = f(z − x + y) ≥ 0
f(z + x + y) = f(z + x) + f(y) = f(z + x) − f(y) = f(z + x − y) ≥ 0for f ∈ Ey. These inequalities imply −z ≤ x + y ≤ z. Altogether −z ≤
x + y ≤ z ⇔ −z ≤ x − y ≤ z yields, i. e. x⊥y.Assume now, the set E ⊆ X ′ is minimal total and there are some disjointelements x, y ∈ X that are not E-disjoint. Then there is a funtional f ∈ Ewith f(x) 6= 0, f(y) 6= 0. Without loss of generality assume 0 < f(x), f(y).For ε = 12 min{f(x), f(y)} the set
U = {g ∈ X ′ : |(g − f) (x)| < ε} ∩ {g ∈ X ′ : |(g − f) (y)| < ε}is a weak*-open neighborhood of f . Sine E is minimal total and hene E\Unot total, there is an element a 6∈ X+ with g(a) ≥ 0 for all g ∈ E \U . Sine
E is norm bounded, by saling of a we get
‖g‖ ‖a‖ ≤ εfor all g ∈ E.Let z be an arbitrary element satisfying −z ≤ x − y ≤ z. In the nextstep we establish that
−(z + na) ≤ x − y ≤ z + na (3.9)holds for all n ∈ N. Then 0 ≤ z + na and onsequently n(−a) ≤ z forall n ∈ N, whih due to the Arhimedean property of X ([Vul77, TheoremII.3.2℄6) yields −a ≤ 0, i. e. 0 ≤ a. This ontradits the supposition a 6∈ X+.Now we show equation (3.9) for n = 1. Note, that due to Proposition3.1.1-3 z − x ∈ X+ and hene g(z − x) ≥ 0 for eah g ∈ X ′+. If g ∈ E ∩ Uthen
g(z + a − x + y) = g(z − x) + g(a) + g(y) ≥ g(a) + g(y)
≥ −‖g‖ ‖a‖ + f(y) + g(y) − f(y)
≥ −‖g‖ ‖a‖ + f(y) − |g(y) − f(y)|
≥ −ε + 2ε − ε = 0.
(3.10)If g ∈ E \ U then
g(z + a − x + y) = g(z − x + y) + g(a) ≥ 0 + 0. (3.11)Sine E is a total set one has 0 ≤ z + a − x + y, i. e. x − y ≤ z + a.Analogously we obtain 0 ≤ z + a + x − y, i. e. −(z + a) ≤ x − y andtogether −(z + a) ≤ x − y ≤ z + a.6Note, that the one X+ is losed whenever a minimal total set exists.52
3.2. Disjointness-deteting setsSine z with −z ≤ x − y ≤ z was arbitrarily hosen and the seletion of
a was independent from z, the replaing of z by z +a yields −((z +a)+a) ≤
x − y ≤ (z + a) + a and reursively −(z + na) ≤ x − y ≤ z + na for all
n ∈ N. The previous theorem immediately implies the following orollaries.Corollary 3.2.6. If in an ordered normed spae with a reproduing onetwo sets E,E′ ⊆ X ′+ are both minimal total, then two elements x, y ∈ X are
E-disjoint, if and only if they are E′-disjoint, i e. x⊥Ey ⇔ x⊥E′y.Corollary 3.2.7. If X is an ordered Banah spae with a reproduing posi-tive one X+ and E ⊆ X ′+ minimal total, then for every subset A ⊆ X the
E-disjoint omplement A⊥E is a losed subspae of X.Proof. Reall, that the existene of a minimal total set implies, that theone X+ is losed. Sine X+ is, in addition, reproduing, due to a theoremof Krein-muljan ([Vul77, 3.2℄) X+ is non-at and hene M -dominating(for some onstant M). Then Theorem 3.1.3 an be applied. This yields theassertion. Proposition 3.2.14 will show, that the norm ompleteness in Corollary3.2.7 an be dropped.Before we deal with the question, whih properties of an ordered normedspae guarantee the existene of a minimal total set, we mention briey somewell known results (see e. g. [SW99, Chapter IV, Theorem 1.2.℄).Lemma 3.2.8. Let X be a normed spae and X ′ its norm dual. Then thedual spae of (X ′, σ(X ′,X)) an be identied with X, that means, a linearfuntional H on X ′ is weak*-ontinuous if and only if there is an uniquevetor x ∈ X, suh that for all f ∈ X ′ the equation H(f) = f(x) holds.The next two theorems of Krein-Milman type will be applied later to thespae X ′, when equipped with the weak* topology.Theorem 3.2.9 (Milman, [Phe01, Prop. 1.5℄). Let S be a ompat on-vex subset of a loally onvex spae. Let T ⊆ S be a set, suh that S is thelosed onvex hull of T . Then the extreme points of S are inluded in thelosure of T .Theorem 3.2.10 (Krein-Milman, [AB99, 5.117℄). In every loally on-vex Hausdor spae eah non-empty onvex ompat subset is the losed on-vex hull of its extreme points.The following result on the existene of a basis in X ′+ is often used andan be found e. g. in [Vul78, Theorem II.3.2℄. 53
3.2. Disjointness-deteting setsTheorem 3.2.11. Let X be an ordered normed vetor spae, where the one
X+ possesses an interior point. Then there exists a weak*-ompat base of
X ′+.Now the following existene result an be presented.Theorem 3.2.12. Let X be an ordered normed spae, where the one X+is losed and possesses an interior point. Then the set of all extreme pointsof any weak*-ompat base of X ′+ is minimal total.Proof. Let D be an arbitrary weak*-ompat base of X ′+ and E = ext(D).We show that E is total. For that let x ∈ X. If x ∈ X+ then obviously
f(x) ≥ 0 for all f ∈ E. If x 6∈ X+ then, sine X+ is losed, there is afuntional f ∈ X ′+ with f(x) < 0. Without loss of generality f ∈ D may beassumed. Due to Theorem 3.2.10 D = conv(E) holds and hene fα weak*−−−−→ f ,for (fα) ⊆ conv(E). Consequently, there is an index α0 suh that fα0(x) < 0,i. e. fα0(x) =∑ni=1 λifi(x) < 0 for some 0 ≤ λi, ∑ni=1 λi = 1 and fi ∈ E for
i = 1, . . . , n. As a result, there is a number i ∈ {1, . . . , n} with fi(x) < 0,i. e. E is total.To nish the proof we show the minimality of E. For that let U be aweak*-open neighborhood of some funtional f ∈ E and E′ = E \ U . Wehave to prove that E′ is not total. The weak*-losed onvex hull of E′ diersfrom D. Indeed, otherwise the subset E of D is enlosed in the weak*-losureof E′ (Theorem 3.2.9), ontraditing E′ = E \ U . That means there is anelement g ∈ D that is not inluded in the weak*-losure7 conv(E′) of E′.Sine D is a base, g is no element of the set F = {λf : f ∈ conv(E′), λ ≥ 0}.Note that F is onvex and weak*-losed and hene g and F an be stronglyseparated by a weak*-ontinuous linear funtional H ∈ (X ′, σ(X ′,X))′, i. e.there exists a real α suh that H(g) < α < H(f) for all f ∈ F (see e. g.[AB99, Corollary 5.59℄). 0 ∈ F implies α < 0.Sine, by Lemma 3.2.8, the funtional H an be identied with some
x ∈ X one obtains g(x) < α < 0 and hene x 6∈ X+. On the other hand forall f ∈ E′ and all λ ≥ 0 the funtional λf belongs to F and so α < λf(x),i. e. f(x) ≥ 0. In other words, E′ is not total. Combining the results of the Theorem 3.2.4-2 and Theorem 3.2.12 we get,that under the suppositions of Theorem 3.2.12 there exists even a weak*-ompat minimal total set.Now assume, T is a ompat Hausdor spae and X ⊆ C(T ) a linearsubspae with 1 ∈ X. The state spae K(X) of X is the set of all funtionals
f ∈ X ′ with f(1) = 1 = ‖f‖ (see e. g. [Phe01℄). The Choquet boundary
Ch(X) of X is dened as the set of all t ∈ T , for whih the funtional7Notie, that in this proof again the weak*-losure of a set S ⊆ X ′ will be denoted by
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3.2. Disjointness-deteting sets
ft(x) = x(t), x ∈ X is an extreme point of K(X). Due to [Phe01, 6℄ theset E = {ft : t ∈ Ch(X)} is exatly the set of all extreme points of K(X).The proof of [Vul78, Theorem II.3.2℄ implies, that K(X) is a weak*-ompatbase of X+. Now it follows immediately from Theorem 3.2.12, that the set
E is minimal total.If X is an ordered normed spae, then a minimal total set E ⊆ X ′+an also be used to represent X as a spae of ontinuous funtions over E.The well known representations of ordered normed spaes are onstrutedon weak* ompat subsets of X ′+, e. g. on X ′+ ∩ BX′ (see e. g. [Vul77,Theorem IV.7.1℄) or on bases of X ′+. It turns out that representations existson total sets, in partiular on minimal total sets, what was indiated by theseond example on page 47, where X was isomorphi to R2 = RX′S , with
X ′S = {f0, f1} as in the remark e) after the example.Theorem 3.2.13. Let X be an ordered normed spae and E a (minimal)total set. Then E with the indued weak*-topology from X ′ is a Hausdorspae and X is order isomorph to a linear subspae X(E) ⊆ C(E), thatseparates the points of E.Proof. Dene Φ: X → RE by Φ(x)(f) = f(x) for all x ∈ X and all f ∈ E.Sine E is total, Φ is bi-positive. The linearity of Φ is immediate from thefollowing equations. For f ∈ E, elements x1, x2 ∈ X and λ ∈ R one has
Φ(x1 + x2)(f) = f(x1 + x2) = f(x1) + f(x2) = Φ(x1)(f) + Φ(x2)(f),
Φ(λx1)(f) = λf(x1) = λΦ(x1)(f).So Φ(X) a linear subspae of RE. To show, that Φ is ontinuous at every
x ∈ X, x an arbitrary x ∈ X and take a net (fα) ⊆ E and f ∈ E with fα →
f in the weak* topology. Then fα(x) → f(x), i. e. Φ(x)(fα) → Φ(x)(f).Next we show, that Φ is one-to-one. Therefore let x1 6= x2 ∈ X. Withoutloss of generality x1−x2 /∈ X+ holds (otherwise onsider x2−x1 /∈ X+). Sine
E is total, there is a funtional f ∈ E with f(x1−x2) < 0, i. e. f(x1) 6= f(x2).That means Φ(x1)(f) 6= Φ(x2)(f) and onsequently Φ(x1) 6= Φ(x2).Thus, X is order isomorph to some vetor sublattie Φ(X) ⊆ C(E)equipped with the indued pointwise order from C(E).The totality of E immediately implies that Φ(X) separates the points of
E. The disjoint omplement of a subset of a normed vetor lattie is a losedsubspae as was mentioned in Theorem 1.2.1 and the same holds in orderednormed vetor spaes with losed M -dominating one (Theorem 3.1.3). Thefollowing theorem gives the same result in the ase, that there exists a min-imal total set. 55
3.2. Disjointness-deteting setsProposition 3.2.14. Let X be an ordered normed spae with reproduingone X+ suh that there is a minimal total set. For every subset S ⊆ X thedisjoint omplement S⊥ is a losed subspae of X.Proof. Let E ⊆ X ′+ ∩BX′ be a minimal total set and S ⊆ X be non-empty.Then by Theorem 3.2.5 E is disjointness-deteting and S⊥ = S⊥E .Let z1, z2 ∈ S⊥ and x ∈ S. We will show z1 + z2⊥Ex and αz1⊥Ex forall α ∈ R. For that apply relation (3.4) on f ∈ E with f(x) 6= 0. Then
f(z1) = f(z2) = 0 and so f(z1 + z2) = 0 as well as f(αz1) = 0 for all α ∈ R.Due to relation(3.4) this implies z1 + z2⊥Ex and αz1⊥Ex and onsequentlyshows, that S⊥ is a linear subspae of XTo show that S⊥ is losed, take a sequene (zn) ⊆ S⊥ with zn → z.Again we apply (3.4). For f ∈ E with f(zn) = 0 for all n, f(z) = 0 holds,too, i. e. z ∈ S⊥. 
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Chapter 4Normed pre-Riesz spaesThe pre-Riesz spae theory oers a powerful instrument to examine orderedvetor spaes. The main idea is as follows:
• Formulate a problem in an arbitrary pre-Riesz spae X.
• Embed X into its Riesz ompletion X̺ and transfer the problem to
X̺.
• Solve the problem in X̺ by means of the well developed vetor lattietheory.
• Transfer bak the solution to X.The proof of [GK04, Corollary 2.2℄, the disjoint omplement of a subset of apre-Riesz spae X is a subspae of X, demonstrates this approah.In this setion X will be a pre-Riesz spae equipped with some norm ‖·‖.We look for a suitable lattie norm on the Riesz ompletion X̺ of X, suhthat some problems formulated for X an be solved by transferring them toproblems on X̺ and applying the rih theory of normed vetor latties.4.1 Extending the normFirst let (X, ‖·‖X) be an arbitrary ordered normed spae and Y a vetorlattie with X ⊆ Y . If we want to deal with linear ontinuous funtionals on
X we have to look for a lattie norm ‖·‖Y on Y , losely related to the givennorm on X.
• A neessary ondition to extend a ontinuous funtional f on X on-tinuously to (Y, ‖·‖Y ) is, that f remains ontinuous, if X is equipped withthe norm ‖·‖Y restrited to X.That means, ‖·‖Y must indue a stronger topology on X than ‖·‖X , i. e.the inequality ‖x‖X ≤ M ‖x‖Y holds for every x ∈ X and some positive57
4.1. Extending the normnumber M . Indeed, if f is a linear funtional on X that is ontinuous withrespet to ‖·‖X and ‖f‖X′ is its norm and x ∈ X with ‖x‖Y ≤ 1, then
‖x‖X ≤ M and hene |f(x)| ≤ ‖f‖X′ ‖x‖X ≤ ‖f‖X′ M .
• In general the restrition f |X of a linear ontinuous funtional f on
(Y, ‖·‖Y ) may fail to be ontinuous with respet to ‖·‖X .The reason, of ourse, is that ‖·‖X and the restrition on X of the norm of
Y may not be oordinated at all. However, if the topology on X induedby the norm ‖·‖X is stronger than that indued by ‖·‖Y , i. e. ‖x‖Y ≤
M ‖x‖X for every x ∈ X and some positive onstant number M , then f |Xis ontinuous on X with respet to ‖·‖X . Indeed, if x ∈ X with ‖x‖X ≤ 1then |f |X(x)| = |f(x)| ≤ ‖f‖Y ′ ‖x‖Y ≤ ‖f‖Y ′ M .Theorem 4.1.1. Let the ordered normed spae X be an order dense subspaeof a vetor lattie Y . Assume that the one X+ is losed. Then the funtional
‖·‖Y : Y → R dened by
‖y‖Y = inf{‖x‖ : |y| ≤ x ∈ X} (y ∈ Y ) (4.1)is a lattie norm on Y .If, in addition, ‖·‖ is Mm-monotone and X+ is Md-dominating, then
‖·‖Y is equivalent to ‖·‖ on X. More preisely, if ‖·‖ is Mm-monotone and
x ∈ X then
‖x‖ ≤ (2Mm + 1) ‖x‖Y . (4.2)If the one X+ is Md-dominating and x ∈ X then
1
2Md
‖x‖Y ≤ ‖x‖ . (4.3)Proof. The proof is similar to the proof of [Vul78, Theorem of J. F. Danilen-ko, V.3.1℄.First we show, that ‖·‖Y is a norm. Obviously ‖λy‖Y = |λ| ‖y‖Y holds.The triangle inequality is proved as follows:
‖y1 + y2‖Y = inf{‖x‖ : |y1 + y2| ≤ x ∈ X}
≤ inf{‖x1 + x2‖ : |yi| ≤ xi ∈ X}
≤ inf{‖x1‖ : |y1| ≤ x1 ∈ X} + inf{‖x2‖ : |y2| ≤ x2 ∈ X}
= ‖y1‖Y + ‖y2‖Y .Assume ‖y‖Y = 0 for some y ∈ Y . Then there is a sequene (xn) ⊆ X,suh that |y| ≤ xn and ‖xn‖ → 0. If z ∈ X with z ≤ |y|, then z ≤ xn for all
n ∈ N. In partiular z ≤ 0, sine X+ is losed. The order density of X in Yyields |y| = sup{z ∈ X : z ≤ |y|} and therefore |y| ≤ 0, i. e. |y| = 0 and so
y = 0. Consequently ‖·‖Y is a norm.The lattie norm property is obvious.58
4.1. Extending the normAssume, that ‖·‖ is Mm-monotone. We will show, that ‖·‖Y dominates
‖·‖ on X. For that let x ∈ X. If z ∈ X with |x| ≤ z then 0 ≤ x + z ≤ 2zand
‖x‖ = ‖x + z − z‖ ≤ ‖x + z‖ + ‖z‖ ≤ (2Mm + 1) ‖z‖ .After passing to the inmum inf{‖z‖ : |x| ≤ z ∈ X} on the right site of theinequality we get
‖x‖ ≤ (2Mm + 1) ‖x‖Y .If X+ is Md-dominating and x ∈ X, then there are x1, x2 ∈ X+ with
x ≤ x1, −x ≤ x2 and ‖xi‖ ≤ Md ‖x‖. Sine |x| ≤ x1 + x2, this implies
‖x‖Y ≤ ‖x1 + x2‖ ≤ ‖x1‖ + ‖x2‖ ≤ 2Md ‖x‖ .Altogether the equivalene of ‖·‖ and ‖·‖Y on X follows, provided the norm
‖·‖ is Mm-monotone and the one X+ is Md-dominating with respet to
‖·‖. Let X, Y and ‖·‖Y be as in Theorem 4.1.1. By ombining the remarksmade at the beginning of this setion and the proof of Theorem 4.1.1 we getthe following. Eah ontinuous linear funtional f on X is also ontinuouswith respet to the norm ‖·‖Y on X and, whenever the norm ‖·‖ on X is M -monotone, hene an be extended ontinuously to (Y, ‖·‖Y ) ([AB99, Lemma6.13℄). If X+ is M -dominating, then the restrition of eah linear ontinuousfuntional f on Y is ontinuous on (X, ‖·‖).In an arbitrary ordered normed spae a losed reproduing one X+ mayfail to be M -dominating. However, if X+ is a losed reproduing one inan ordered Banah spae, then X+ is M -dominating by the Krein-muljanTheorem (Theorem 1.4.3). Therefore, if X in Theorem 4.1.1 is a Banahspae, the inequality (4.3) holds automatially.A neessary and suient ondition for X to be an order dense subspaeof some vetor lattie Y is, that X is a pre-Riesz spae. Moreover, if X isnormed, suh that X+ is losed, then X is Arhimedean (Theorem 1.4.4)and hene even the Dedekind ompletion Xδ exists ([Vul78, V.3.℄). So thefollowing onlusion of Theorem 4.1.1 an be formulated.Conlusion 4.1.2. Let X be a normed pre-Riesz spae where X+ is losed.Let Y ∈ {X̺,Xδ} be the Riesz ompletion or the Dedekind ompletion of X.Then the funtional ‖·‖Y : Y → R, with
‖y‖Y = inf{‖x‖ : |y| ≤ x ∈ X} (y ∈ Y )is a lattie norm on Y .If, in addition, ‖·‖ is Mm-monotone and X+ is Md-dominating, then
‖·‖Y , restrited on X, is equivalent to ‖·‖. 59
4.1. Extending the norm
• If in the sequel X is a normed order dense subspae of some vetorlattie Y and X+ is losed, then it is always assumed that the norm on Yis introdued by the formula (4.1). We will say, that on Y there is denedthe standard norm. In partiular, this onerns the Riesz ompletion X̺and the Dedekind ompletion Xδ of a normed pre-Riesz spae. Then X̺and Xδ will be alled the normed Riesz ompletion and normed Dedekindompletion, respetively.For sueeding observations we need some more properties of the em-bedding of X into its normed Riesz ompletion X̺. So it will be useful toknow that relatively weakly ompat subsets of X are also relatively weaklyompat when we treat them as subsets of X̺.Lemma 4.1.3. Let X and Y are two normed vetor spaes, where X isisometri to a subspae of Y , Φ: X → Y be some isometry. If S ⊆ X isrelatively weakly ompat then Φ(S) is relatively weakly ompat in Y .Proof. Without loss of generality let S be weakly ompat. Let {Uα} be anarbitrary weakly open over of Φ(S), i. e.
Φ(S) ⊆
⋃
α
Uα.Sine eah weakly open set an be represented as a union of weakly openbasis sets, without loss of generality we may onsider the sets Uα to be ofkind
Uα =
{
y ∈ Y : f iα(y) < 1, f
i
α ∈ Y
′, i = 1, . . . , nα
}
.Dene giα : X → R by
giα(x) = f
i
α (Φ(x))for every α and every i = 1, . . . , nα. Let Vα ⊆ X be the following sets
Vα =
{
x ∈ X : giα(x) < 1, i = 1, . . . , nα
}
.Clearly, giα ∈ X ′ and for every x ∈ X there holds x ∈ Vα if and only if
Φ(x) ∈ Uα. Hene ∪αVα is a weakly open over of S in X. Sine S isweakly ompat, there is a nite subover Vα1 , . . . , Vαm of S. Consequently,
Uα1 , . . . , Uαm is a nite subover of the over {Uα} of Φ(S). That means,
Φ(S) is weakly ompat. We remark, that the property of a subset S ⊆ X of a normed spae
X to be relatively weakly ompat is invariant under the transition to anequivalent norm. Therefore, Lemma 4.1.3 an applied be diretly to oursituation, where X is a normed pre-Riesz spae with an Mm-monotone normand a losed Md-dominating one X+ and Y is its normed Riesz ompletionor its normed Dedekind ompletion.60
4.1. Extending the normTheorem 4.1.4. Let X be a normed pre-Riesz spae, where its norm ‖·‖is Mm-monotone and the one X+ losed and Md-dominating. Then thenormed Riesz ompletion X̺ is separable if and only if X is separable.Proof. Let X be separable and S a ountable dense subset of X. We use therepresentation of the elements of X̺ as shown in Theorem 1.1.8. Let S̺ bethe subset of all y ∈ X̺ that an be represented as1
y =
n∨
i=1
xi −
m∨
i=n+1
xifor some {xi : i = 1, . . . ,m} ⊆ S, where 0 ≤ n ≤ m ∈ N.First we show, that S̺ is ountable. Indeed, the set
T =
∞⋃
m=1
m︷ ︸︸ ︷
S × S × . . . × S ×{0, . . . ,m}is ountable as a ountable union of ountable sets. Sine the mapping
T → S̺
((x1, . . . , xm) , n) 7→
n∨
i=1
xi −
m∨
i=n+1
xiis surjetive, S̺ is ountable, too.Now we show, that S̺ is dense in X̺. Sine the norms ‖·‖ and ‖·‖X̺are equivalent on X, there is a onstant M > 0 with ‖z‖X̺ ≤ M ‖z‖ foreah z ∈ X. Let ε > 0 and y ∈ X̺. Due to Theorem 1.1.8, the element
y an be represented as y = ∨ni=1 yi − ∨mi=n+1 yi for some y1, . . . , ym ∈ Xand natural numbers 0 ≤ n ≤ m. Sine S is dense in X, there are elements
x1, . . . , xm ∈ S with ‖yi − xi‖ ≤ εmM for i = 1, . . . ,m. Hene the vetor
x =
∨n
i=1 xi −
∨m
i=n+1 xi is an element of S̺. Then
‖y − x‖X̺
=
∥∥∥∥∥
n∨
i=1
yi −
m∨
i=n+1
yi −
(
n∨
i=1
xi −
m∨
i=n+1
xi
)∥∥∥∥∥
X̺
=
∥∥∥∥∥
(
n∨
i=1
yi −
n∨
i=1
xi
)
−
(
m∨
i=n+1
xi −
m∨
i=n+1
yi
)∥∥∥∥∥
X̺
≤
∥∥∥∥∥
n∨
i=1
yi −
n∨
i=1
xi
∥∥∥∥∥
X̺
+
∥∥∥∥∥
m∨
i=n+1
xi −
m∨
i=n+1
yi
∥∥∥∥∥
X̺
.1Whereas n = 0 and n = m is permitted and means y = − ∨mi=1 xi and y = Wmi=1 xi,respetively. 61
4.1. Extending the normSine ‖·‖X̺ is a lattie norm, i. e. ‖x‖X̺ = ‖|x|‖X̺ we an ontinue ouralulation with:
=
∥∥∥∥∥
∣∣∣∣∣
n∨
i=1
yi −
n∨
i=1
xi
∣∣∣∣∣
∥∥∥∥∥
X̺
+
∥∥∥∥∥
∣∣∣∣∣
m∨
i=n+1
xi −
m∨
i=n+1
yi
∣∣∣∣∣
∥∥∥∥∥
X̺
=
∥∥∥∥∥
(
n∨
i=1
yi −
n∨
i=1
xi
)
∨
(
n∨
i=1
xi −
n∨
i=1
yi
)∥∥∥∥∥
X̺
+
∥∥∥∥∥
(
m∨
i=n+1
xi −
m∨
i=n+1
yi
)
∨
(
m∨
i=n+1
yi −
m∨
i=n+1
xi
)∥∥∥∥∥
X̺By applying a well known formula for lattie operations (see e. g. [AB85,Theorem 1.2-3℄) the last expression an be written as
=
∥∥∥∥∥∥


n∨
i=1

yi −
n∨
j=1
xj



 ∨


n∨
i=1

xi −
n∨
j=1
yj




∥∥∥∥∥∥
X̺
+
∥∥∥∥∥∥


m∨
i=n+1

xi −
m∨
j=n+1
yj



 ∨


m∨
i=n+1

yi −
m∨
j=n+1
xj




∥∥∥∥∥∥
X̺
.We interrupt at this point for the following thoughts. In a normed ve-tor lattie, the relations a1 ≤ b1 and a2 ≤ b2 imply a1 ∨ a2 ≤ b1 ∨ b2. Ifin addition the element a1 ∨ a2 is positive, the vetor b1 ∨ b2 is also posi-tive and hene ‖a1 ∨ a2‖X̺ ≤ ‖b1 ∨ b2‖X̺ . Applied to our situation, sine(∨n
i=1
[
yi −
∨n
j=1 xj
])
∨
(∨n
i=1
[
xi −
∨n
j=1 yj
])
= |
∨n
i=1 yi −
∨n
i=1 xi| ≥ 0we an ontinue the inequality as follows.
≤
∥∥∥∥∥
(
n∨
i=1
[yi − xi]
)
∨
(
n∨
i=1
[xi − yi]
)∥∥∥∥∥
X̺
+
∥∥∥∥∥
(
m∨
i=n+1
[xi − yi]
)
∨
(
m∨
i=n+1
[yi − xi]
)∥∥∥∥∥
X̺
=
∥∥∥∥∥
n∨
i=1
([yi − xi] ∨ [xi − yi])
∥∥∥∥∥
X̺
+
∥∥∥∥∥
m∨
i=n+1
([xi − yi] ∨ [yi − xi])
∥∥∥∥∥
X̺
=
∥∥∥∥∥
n∨
i=1
|yi − xi|
∥∥∥∥∥
X̺
+
∥∥∥∥∥
m∨
i=n+1
|xi − yi|
∥∥∥∥∥
X̺
.Here we notie, that the sum of a nite set of positive elements in a vetor62
4.1. Extending the normlattie is greater or equal to the supremum of this set and hene we get
≤‖|y1 − x1| + . . . + |yn − xn|‖X̺
+ ‖|xn+1 − yn+1| + . . . + |xm − ym|‖X̺
≤‖|y1 − x1|‖X̺ + . . . + ‖|xm − ym|‖X̺
= ‖y1 − x1‖X̺ + . . . + ‖xm − ym‖X̺
≤M ‖y1 − x1‖ + . . . + M ‖xm − ym‖
≤mM
ε
mM
= ε,and, therefore, nally ‖y − x‖X̺ ≤ ε, what nishes the if part of the proof.Now let X̺ be separable, that means there is a ountable dense subset
S̺ of X̺. Let BX̺ be the open unit ball of X̺. For eah y ∈ S̺ andevery number 0 < n ∈ N selet a vetor xy,n ∈ X ∩ (y + 1nBX̺) wheneverthe set X ∩ (y + 1
n
BX̺
) is not empty. The olletion of these elements
S = {xy,n : y ∈ S
̺, 0 < n ∈ N} is a ountable subset of X. Sine thenorms ‖·‖ and ‖·‖X̺ are equivalent on X, there is a onstant N > 0 with
‖z‖ ≤ N ‖z‖X̺ for eah z ∈ X.To show that S is dense in X, let x ∈ X, ε > 0 and n0 ∈ N with n0 ≥ 2Nε .Sine S̺ is dense in X̺, there is a vetor y ∈ S̺ with ‖x − y‖X̺ ≤ 1n0 .Therefore X∩(y + 1
n0
BX̺
) is not empty, so there exists an element xy,n0 ∈ Swith xy,n0 ∈ X ∩ (y + 1n0 BX̺). Then
‖x − xy,n0‖ ≤ N ‖x − xy,n0‖X̺
= N ‖x − y + y − xy,n0‖X̺
≤ N ‖x − y‖X̺ + N ‖y − xy,n0‖X̺
≤ N
1
n0
+ N
1
n0
≤ 2N
ε
2N
= ε.
Let X be as in Theorem 4.1.4. If, in addition, X is a Banah spae,then a onsequene of [Vul78, Theorem V.3.2℄ is, that the normed Dedekindompletion Xδ is norm omplete, too. Nevertheless, in ontrast to the latterresult, the following example shows, that the normed Riesz ompletion X̺may fail to be a Banah spae.Let X ⊆ C[0, 1] be the vetor spae of all polynomials of maximal degreetwo, with the indued order and norm of C[0, 1], i. e.
X =
{
x : [0, 1] → R : x(t) = at2 + bt + c, a, b, c ∈ R} ,
X+ = {x ∈ X : x(t) ≥ 0, t ∈ [0, 1]} ,
‖x‖ = sup {|x(t)| : t ∈ [0, 1]} . 63
4.1. Extending the normThe spae (X,X+, ‖·‖) has the following properties.(i) ‖·‖ is learly monotone and X is norm omplete, sine X an beidentied with R equipped with a orresponding norm.(ii) The one X+ is reproduing and losed. Indeed x ∈ X an berepresented as x = x1 − x2, where x1, x2 ∈ X+, x2 is the onstant funtion
x2(t) = ‖x‖ on [0, 1] and x1 = x+x2. Furthermore, if (xn) ⊆ X+ and x ∈ Xwith xn → x in norm, then xn(t) ≥ 0 for all n ∈ N and all t ∈ [0, 1] andonsequently x(t) ≥ 0 for all t ∈ [0, 1], i. e. x ∈ X+. As a onsequene, X+is M -dominating (Theorem 1.4.3).(iii) X is a normed pre-Riesz spae. Indeed, due to Theorem 1.4.4, X isArhimedean, suh that Theorem 1.1.9 yields the assertion. Let X̺ be thenormed Riesz ompletion of X. We identify X̺ with the smallest sublattieof C[0, 1], that ontains X.The representation of the elements of X̺, is indiated in Theorem 1.1.8,namely y ∈ X̺ an be written as2
y =
n∨
i=1
xi −
m∨
i=n+1
xifor some {xi : i = 1, . . . ,m} ⊆ X, where 0 ≤ n ≤ m ∈ N. This impliesthat X̺ is the spae of suh ontinuous funtions on [0, 1] that are pieewisepolynomials of maximal degree two.Let the funtions xn ∈ X and yn ∈ X̺ be dened, for eah n ∈ N, as
xn(t) = −t
2 +
(
2 −
1
n
)
t +
(
1
n
−
1
4n2
)
yn =
n∨
i=1
xn.where some of these funtions are skethed in gure 4.1.The following properties of the sequenes of funtions (xn) and (yn) areof importane for this example. For eah n ∈ N we have:
•x′n
(
1 − 12n
)
= 0, that means xn ahieves its supremum at tsupn = 1− 12nand xn (tsupn ) = 1.
•The equation xn(t) = xn+1(t) is satised only at the point teqn = 1 −
2n+1
4n2+4 . Therefore,
yn(t) =



x1(t) for t ∈ [0, 58]
xi(t) for t ∈ [1 − 2i−14i2−8i+8 , 1 − 2i+14i2+4] , i = 2, . . . , n − 1
xn(t) for t ∈ [1 − 2n−14n2−8n+8 , 1]
•xn(1) = yn(1) = 1 −
1
4n2 .2Whereas n = 0 and n = m is permitted and means y = − ∨mi=1 xi and y = Wmi=1 xi,respetively.64
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y3(t)Figure 4.1:The sequene (yn) is a Cauhy sequene in X̺. Indeed, let n, k ∈ N.Sine yn ≤ yn+k ≤ 1, yn(t) = yn+k(t) for eah t ∈ [0, 1 − 2n+14n2+4] and
yn(t) ≥ yn(1) for eah t ∈ [1 − 2n+14n2+4 , 1] we have
‖yn − yn+k‖ ≤
1
4n2
.Sine C[0, 1] is norm omplete, (yn) onverges to some y ∈ C[0, 1].Clearly
y(t) =



x1(t) for t ∈ [0, 58]
xi(t) for t ∈ [1 − 2i−14i2−8i+8 , 1 − 2i+14i2+4] , i = 2, . . .
1 for t = 1,that means, y is not an element of X̺ and, onsequently, X̺ is no Banahspae.4.2 Linear extensions of linear ontinuous funtion-alsThe following questions will be studied within this setion. Let X be anordered normed spae whih is order dense in some vetor lattie Y . Assumethe one X+ to be losed. Let Y be equipped with the standard normonstruted by means of Theorem 4.1.1.
• First we examine the extendability of linear ontinuous funtionals. Ifthe norm of the ordered vetor spae X is M -monotone, then the theoremof Krein (see Theorem 1.5.2) shows that every linear ontinuous funtional65
4.2. Linear extensions. . .on X an be represented as the dierene of two positive linear ontinuousfuntionals. Hene we onentrate on the extensions of positive funtionalson X and assume the norm to be M -monotone if we need to extend arbitrarylinear ontinuous funtionals.
• Can X ′ be isomorphially (i. e. linearly and positively) embedded into(or even onto) Y ′? Beside a positive answer for a speial trivial situation wepresent a negative example.
• Is it possible to extend the funtionals of a subset S ⊆ X ′, suh thatthe order relations in S are preserved? More preisely we study the ases(I) 0 ≤ f ≤ g with a given positive extension gY of g and the searh of apositive extension fY of f with fY ≤ gY and(II) dereasing bounded sequenes in X ′ that an be extended to dereasingbounded sequenes in Y ′.The extension of positive funtionalsThe main onlusion of the Hahn-Banah extension theorem is, that eah lin-ear ontinuous funtional, that is dened on a subspae X of a normed vetorspae Y , an be ontinuously extended to a linear funtional on the whole Y .To prove this result, for given f ∈ X ′, as the dominating sublinear funtional
p : Y → R there is hosen p(y) = ‖f‖ ‖y‖. Then the Hahn-Banah Theo-rem an be applied (e. g. [AB85, Theorem 2.1℄). Moreover, this approahguarantees, that the extension of f is ontinuous and has the same normas f . Nevertheless, if Y and hene X is equipped with an order strutureand f is positive, p is not suitable to ensure the positivity of the extensionof f . Therefore in the following theorem we use an alternative dominatingsublinear funtional, whih yields both, the ontinuity and positivity of theextension of f . Of ourse we make use of the order density of X in Y .Theorem 4.2.1. Let X be an ordered normed spae, whih is order dense insome vetor lattie Y . Let X+ be losed and Y be equipped with the standardnorm. Then every positive ontinuous funtional f ∈ X ′+ an be extended toa positive ontinuous funtional fY on Y with ∥∥fY ∥∥
Y
≤ ‖f‖.Proof. Let p : Y → R be dened by
p(y) = inf{f(x) : x ∈ X+, y ≤ x}.If y ∈ Y is an arbitrary element then, due to the order density of X in Y ,there exists an x ∈ X with y+ ≤ x and onsequently 0, y ≤ x. Sine f ispositive, 0 ≤ p(y) is well dened.We show that p is a sublinear funtional on Y whih satises f(z) ≤ p(z)for all z ∈ X. Indeed, p(λy) = λp(y) holds for all λ ≥ 0. Let y1, y2 ∈ Y .66
4.2. Linear extensions. . .Then
p(y1 + y2) = inf{f(x) : x ∈ X+, y1 + y2 ≤ x}
≤ inf{f(x1 + x2) : xi ∈ X+, yi ≤ xi}
= inf{f(x1) + f(x2) : xi ∈ X+, yi ≤ xi}
= inf{f(x1) : x1 ∈ X+, y1 ≤ x1}
+ inf{f(x) : x2 ∈ X+, y2 ≤ x2}
= p(y1) + p(y2)holds. So p is a sublinear funtional on Y .Sine f is linear and positive, f(z) ≤ f(x) holds for all z ∈ X and x ∈ X+with z ≤ x. Consequently f(z) ≤ inf{f(x) : x ∈ X+, z ≤ x} = p(z) for eah
z ∈ X.By the Hahn-Banah extension theorem there is a linear extension fY of
f with fY (y) ≤ p(y) for all y ∈ Y .The funtional fY is positive sine for y ∈ Y+ one has
− fY (y) = fY (−y) ≤ p(−y)
= inf{f(x) : x ∈ X+, −y ≤ x} ≤ f(0) = 0,i. e. fY (y) ≥ 0.To nish the proof we show that fY is ontinuous. Let y ∈ Y and ε > 0.The denition of the norm ‖·‖Y on Y (see equation (4.1)) implies that thereis an element x ∈ X+, with |y| ≤ x and ‖x‖ ≤ ‖y‖Y + ε. Consequently
∣∣fY (y)
∣∣ ≤ fY (|y|) ≤ f(x) ≤ ‖f‖ ‖x‖ ≤ ‖f‖ (‖y‖Y + ε) .Sine ε > 0 was arbitrarily hosen, ∥∥fY ∥∥ ≤ ‖f‖ follows. Due to [AB85, Theorem 2.3℄ the existene of a monotone sublinear map-ping that dominates a positive operator T : X → Z is equivalent to theexistene of a positive linear extension T Y : Y → Z of T , provided X isa sublattie of some vetor lattie Y and Z is a Dedekind omplete ve-tor lattie. Under the suppositions of Theorem 4.2.1 there is a monotonesublinear funtional that dominates the positive funtional f . Namely, thesublinear funtional p dened in the proof of that theorem is monotone.Indeed, if y1, y2 ∈ Y and y1 ≤ y2 then y2 ≤ x ∈ X+ implies y1 ≤ xand hene inf{f(x) : x ∈ X+, y1 ≤ x} ≤ inf{f(x) : x ∈ X+, y2 ≤ x}, i. e.
p(y1) ≤ p(y2). For this result, X need not to be a vetor lattie, but has tobe order dense3 in Y and Z is xed to be R.As mentioned in setion 4.1, an M -monotone norm on X guarantees, thatevery linear ontinuous funtional f on (X, ‖·‖) an be extended ontinuously3More preisely, for the existene of the inmum inf{f(x) : x ∈ X+, y ≤ x}, we onlyneed, that X dominates Y . 67
4.2. Linear extensions. . .to the whole (Y, ‖·‖Y ). Theorem 4.2.1 shows, that for positive f the M -monotoniity of ‖·‖ is not neessary. Nevertheless, if we want to extendan arbitrary f ∈ X ′ by representing f as the dierene of two positivefuntionals and apply Theorem 4.2.1 to these positive parts, suh that thedierene of these extensions yields an extension of f , then we need the dualone X ′ to be reproduing, what again requires, that ‖·‖ is M -monotone (seeTheorem 1.5.2).For our further examination the following appliation of Theorem 4.2.1is of importane.Corollary 4.2.2. If X is a normed pre-Riesz spae with losed positive one
X+ and X̺ its normed Riesz ompletion and Xδ its normed Dedekind om-pletion, then every positive linear ontinuous funtional f on X an be ex-tended to a positive linear ontinuous funtional f̂ on X̺ and Xδ respetively,where ∥∥∥f̂∥∥∥ ≤ ‖f‖ holds in eah ase.The embedding of dual spaesNow the following question arises. Can we treat the dual spae X ′ of anordered normed pre-Riesz spae X as an ordered subspae of the dual spae
(X̺)′ of the normed Riesz ompletion X̺, that means, is there a mapping
Φ: X ′ → (X̺)′ with Φ(f)|X = f for all f ∈ X ′, that is both positive andlinear. A partial answer, for the trivial ase, is inluded in the followingproposition.Proposition 4.2.3. Let X be an ordered normed spae with an Mm-mono-tone norm and a losed Md-dominating one X+, whih is an order densesubspae of a vetor lattie Y . Let Y be normed by the standard norm. Thenthe following statements are equivalent:1. X is norm dense in Y .2. For eah y ∈ Y there is a sequene (xn) ⊆ X with xn ≥ y and xn → y.3. X+ is norm dense in Y+.4. The equality
sup{f(x) : x ∈ X, x ≤ y} = inf{f(x) : x ∈ X, x ≥ y}.holds for eah f ∈ X ′+ and y ∈ Y .5. For every f ∈ X ′ there exists exatly one extension fY ∈ Y ′. Thefuntional fY is positive if and only if f is positive.6. There is a positive linear embedding Φ : X ′ → Y ′ onto Y ′ suh that
Φ(f)|X = f for eah f ∈ X ′.68
4.2. Linear extensions. . .Proof. 1=⇒ 2. Let y ∈ Y . By assumption there is a sequene (x′n) ⊆ X with
x′n → y, i. e. ‖x′n − y‖Y → 0.We will onstrut a sequene in X, that dominates y and onverges to y.Sine the norm on Y is introdued by formula (4.1), for eah n ∈ N there isan element zn ∈ X with |x′n − y| ≤ zn and ‖zn‖ ≤ ‖x′n − y‖Y + 1n . Clearly
‖zn‖ → 0. Sine 0 ≤ zn there follows
‖zn‖Y = inf{‖x‖ : |zn| ≤ x ∈ X} = inf{‖x‖ : zn ≤ x ∈ X} ≤ ‖zn‖ .Beause y − x′n ≤ |x′n − y| ≤ zn one obtains y ≤ x′n + zn ∈ X. Furthermore,
∥∥x′n + zn − y
∥∥
Y
≤
∥∥x′n − y
∥∥
Y
+ ‖zn‖Y ≤
∥∥x′n − y
∥∥
Y
+ ‖zn‖ → 0.The sequene (xn) with xn = x′n + zn is the required one.2=⇒ 3. If y ∈ Y+ and (xn) ⊆ X is a orresponding sequene from 2. then
xn ≥ y implies (xn) ⊆ X+.3=⇒ 1. Let y ∈ Y . By assumption, there are (x1n), (x2n) ⊆ X+ with
x1n → y
+ and x2n → y−. Then x1n − x2n → y follows.2=⇒ 4. The positivity of f implies, that in the formula we are going toprove, the supremum is always less than or equal to the inmum. To showthe equality, we assume, by way of ontradition, that there are a funtional
f ∈ X ′+ and an element y ∈ Y suh that
δ = inf{f(x) : x ≥ y} − sup{f(z) : z ≤ y} > 0.Clearly f 6= 0. Sine the norm ‖·‖ is Mm-monotone, for
ε =
δ
2 ‖f‖ (2Mm + 1)and x, z ∈ X with z ≤ y ≤ x and ‖y − z‖Y , ‖x − y‖Y ≤ ε one has by theinequality (4.2)
δ ≤ f(x − z) ≤ ‖f‖ ‖x − z‖
≤ (2Mm + 1) ‖f‖ ‖x − z‖Y
= (2Mm + 1) ‖f‖ ‖x − y + y − z‖Y
≤ (2Mm + 1) ‖f‖ (‖x − y‖Y + ‖y − z‖Y )
< (2Mm + 1) ‖f‖ 2ε
= δ,a ontradition.4=⇒ 3. By way of ontradition assume there is an element y ∈ Y+ with
y 6∈ X+
Y , that means there is some ε > 0 suh that for B = y + εBY therelation B ∩ X+Y = ∅ holds. Let be
S = {x ∈ X+ : x ≥ y}
Y
. 69
4.2. Linear extensions. . .
S is losed, onvex and B ∩ S = ∅. Hene there is a strongly separatingfuntional F ∈ Y ′ (see e. g. [AB99, Theorem 5.50℄), i. e. there is a realnumber δ, suh that
F (y) < δ < F (z)holds for all z ∈ S. Consequently, z ∈ S implies
F+(y) < δ + F−(y) < F+(z) + F−(y − z) ≤ F+(z),where y− z ≥ 0 and the deomposition of F as F = F+ −F− has been used.Therefore, with f = F+|X ∈ X ′+,
sup{f(x) : x ∈ X, x ≤ y} = sup{F+(x) : x ∈ X, x ≤ y}
≤ F+(y)
< δ + F−(y)
≤ inf{F+(x) : x ∈ X, x ≥ y}
= inf{f(x) : x ∈ X, x ≥ y},what is a ontradition to the assumption in 4.1⇐⇒ 5. It is well known, that a subspae X of a normed spae Y isnorm dense in Y , if and only if every ontinuous linear funtional on X hasexatly one ontinuous extension on Y (see e. g. [Wer02, Korollar III.1.9℄).The positivity of the unique extension of a positive funtional follows fromTheorem 4.2.1.5=⇒ 6. Let Φ: X ′ → Y ′ be the mapping, that maps every f ∈ X ′ toits unique extension in Y ′. By assumption, Φ is positive, onto and yields
Φ(f)|X = f for eah f ∈ X ′. All we have to show is the linearity of Φ.Clearly λΦ(f) as well as Φ(λf) are extensions of λf for eah λ ∈ R. Sinethere is only one extension, λΦ(f) = Φ(λf) holds. The proof of Φ(f + g) =
Φ(f) + Φ(g) is analogously.6=⇒ 5. Let f ∈ X ′. The property Φ(f)|X = f shows, that the funtional
Φ(f) is an extension of f to Y and that Φ(f) ≥ 0 yields f ≥ 0. Due to thepositivity of Φ, Φ(f) is positive whenever f ∈ X ′+.To nish the proof we show, that Φ(f) is the only extension of f . Assume,by way of ontradition, fY ∈ Y ′ is an extension of f with fY 6= Φ(f). Sine
Φ is onto, there exists a funtional g ∈ X ′ with Φ(g) = fY and, learly g 6= f .Then fY |X = g ontradits the assumption, that fY is an extension of f . Unfortunately, in the general ase of an arbitrary normed pre-Riesz spae
X there is no mapping Φ: X ′ → (X̺)′ with Φ(f)|X = f for all f ∈ X ′, thatis both positive and linear, even if the norm in X is M -monotone and theone X+ is losed, as one an see in the following example. It remains anopen problem, whether some weak additional assumptions on X lead to apositive answer.70
4.2. Linear extensions. . .The example also shows, that there is a pre-Riesz spae that is not o-dense in its Riesz ompletion.Let X ⊆ C[0, 1] be as in the example on page 63, i. e. the vetor spae ofall polynomials of maximal degree two, pointwise ordered and normed withthe supremum norm.In addition to the properties (i)-(iii) we notie the following.(iv) The norm ‖·‖ is, due to the remark to Theorem 2.2.1, an m-normwith unit e = 1.
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Figure 4.2:For the rest of the example we onsider the two elements x̃, x̂ ∈ X thatare skethed in gure 4.2
x̃(t) = −16t2 + 8t
x̂(t) = −16t2 + 24t − 8.We have x̃(0) = 0, x̃(14) = 1, x̃(12 ) = 0 as well as x̂(12 ) = 0, x̂(34) = 1,
x̂(1) = 0. The relation
inf {x(t) : x̃, x̂ ≤ x ∈ X} = max{x̃(t), x̂(t)} (4.4)holds for all t ∈ [0, 1]. Obviously at eah t ∈ [0, 1] there holds
inf {x(t) : x̃, x̂ ≤ x ∈ X} ≥ max{x̃(t), x̂(t)}.Moreover:
• For t0 = 14 and t0 = 34 hoose x = 1. Then x ≥ x̃, x̂ and x(t0) =
max{x̃(t0), x̂(t0)}.
• If t0 ∈ (0, 14). Let x(t) = (−16 + 4t0) t2 + 4t0. Then y(t) = (x −
x̃)(t) = 4
t0
t2 − 8t + 4t0 yields y(t0) = 0, y′(t0) = 0 and y′′(t0) > 0 and hene71
4.2. Linear extensions. . .
y ≥ 0, i. e. x ≥ x̃. With y(t) = (x − x̂)(t) = 4
t0
t2 − 24t + 4t0 + 8 we get
y(3t0) = 8 − 32t0 > 0, y′(3t0) = 0 and y′′(3t0) > 0 and hene y ≥ 0, i. e.
x ≥ x̂. Altogether x ≥ x̃, x̂ and x(t0) = x̃(t0) > x̂(t0).
• For t0 = 0 we get
0 ≤ inf {x(0) : x ≥ x̃, x̂}
≤ inf
{
x(0) : x(t) =
(
−16 +
4
t1
)
t2 + 4t1, t1 ∈
(
0,
1
4
)}
= inf
{
4t1 : t1 ∈
(
0,
1
4
)}
= 0 = max{x̃(t0), x̂(t0)}.
• Analogously one an show the equation (4.4) for t0 ∈ (14 , 12)∪ (12 , 34)∪(
3
4 , 1
)
∪
{
1
2 , 1
}.(v) X is not o-dense in X̺. From X ∋ x ≥ x̃, x̂ follows x ≥ 0. Henefor y = x̃ ∨ x̂ ∈ X̺ yields y ≥ 0 (y 6= 0 is lear). For 0 ≤ x ≤ y and x ∈ Xnow x(0) = x(12) = x(1) = 0 holds and onsequently x = 0, i. e. X is noto-dense in X̺.(vi) There is no mapping Φ: X ′ → (X̺)′ with Φ(f)|X = f for all f ∈ X ′,that is both, linear and positive. For that let f0, f1, f 1
2
, f 3
4
∈ X ′ be theevaluation funtionals f0(x) = x(0), f1(x) = x(1) et. We show rst, that
f 3
4
= −
1
8
f0 +
3
4
f 1
2
+
3
8
f1.Let x ∈ X be represented as x(t) = at2 + bt + c. Then
f0(x) = c
f 1
2
(x) =
1
4
a +
1
2
b + c
f1(x) = a + b + c.After some alulation one gets
a = 2f0(x) − 4f 1
2
(x) + 2f1(x)
b = −3f0(x) + 4f 1
2
(x) − f1(x)
c = f0(x).72
4.2. Linear extensions. . .Consequently f 3
4
is representable as
f 3
4
(x) = x
(
3
4
)
=
[
2f0(x) − 4f 1
2
(x) + 2f1(x)
](3
4
)2
+
[
−3f0(x) + 4f 1
2
(x) − f1(x)
](3
4
)
+ f0(x)
= −
1
8
f0(x) +
3
4
f 1
2
(x) +
3
8
f1(x).
(4.5)
Let Φ: X ′ → (X̺)′ be a positive mapping with Φ(f)|X = f for all
f ∈ X ′. Then Φ (f0) ,Φ(f 1
2
)
,Φ (f1) and Φ(f 3
4
) are positive elements of
(X̺)′. For y = x̃ ∨ x̂ ∈ X̺ we get then
0 = x̃(0) = f0(x̃)
= Φ (f0) (x̃)
≤ Φ (f0) (y)
≤ inf {Φ (f0) (x) : y ≤ x ∈ X}
= inf {f0(x) : y ≤ x ∈ X}
= inf {f0(x) : x̃, x̂ ≤ x ∈ X}(4.4)
= x̃(0) = 0.That means Φ (f0) (y) = 0 and similarly
Φ
(
f 1
2
)
(y) = 0, Φ
(
f 3
4
)
(y) = 1 and Φ (f1) (y) = 0.Now we an easily verify, that Φ is not linear, sine
Φ
(
f 3
4
)
(y) = 1 and = [−1
8
Φ (f0) +
3
4
Φ
(
f 1
2
)
+
3
8
Φ (f1)
]
(y) = 0although (4.5) holds.(vii) X does not possess the RDP. Choose v1, v2, w ∈ X+, where
v1(t) = −t
2 + 1, v2(t) = −t
2 + 2t and w(t) = −6t2 + 6t.Then 0 ≤ w ≤ v1 +v2 holds. Suppose, X possesses the RDP. Due to Lemma1.1.1 there is a deomposition w = w1 + w2 with 0 ≤ wi ≤ vi and wi ∈ X(i = 1, 2). Then the relations 0 ≤ w1, w2 ≤ w imply
w1(0) = w2(0) = w1(1) = w2(1) = 0. 73
4.2. Linear extensions. . .From w1 (12) ≤ v1 (12) = 34 , w2 (12) ≤ v2 (12) = 34 and w1 (12) + w2 (12) =
w
(
1
2
)
= 32 there follows
w1
(
1
2
)
= w2
(
1
2
)
=
3
4
.Sine the funtions w1 and w2 oinide in three dierent points, they areidential and an be alulated as
w1(t) = w2(t) = −3t
2 + 3t.Then w2 (14) = 916 > 716 = v2 (14) ontradits w2 ≤ v2.Order preserving extensionsLet X be a normed pre-Riesz spae with losed one X+ and X̺ its normedRiesz ompletion. Now we examine the following question. Given two posi-tive funtionals f, g ∈ X ′ with f ≤ g and a positive extension g̺ ∈ (X̺)′ of
g. Is there a positive extension f̺ ∈ (X̺)′ of f with f̺ ≤ g̺?In ase that the norm on X is Mm-monotone, X+ is Md-dominatingand the extensions f̺ and g̺ of f and g, respetively, exist and are unique,Corollary 4.2.2 implies, that f̺ and g̺ are positive. Proposition 4.2.3-6shows that g̺ − f̺ = Φ(g) − Φ(f) = Φ(g − f) ≥ 0, i. e. f̺ ≤ g̺.In a later example we will show that sometimes the answer is no, thatmeans there is no positive extension f̺ of f with f̺ ≤ g̺.The following theorems give some onditions, whih imply the requestedproperty.Theorem 4.2.4. Let X be an ordered normed spae with losed one X+,whih is an order dense subspae of a vetor lattie Y . Let Y be normed bythe standard norm. Then the following statements are equivalent:1. For every f, g ∈ X ′+ with f ≤ g and z ∈ Y+ there holds
sup{f(x) : x ∈ X, x ≤ z} ≤ sup{g(x) : x ∈ X, x ≤ z}.2. For every f, g, h ∈ X ′ with h ≤ f ≤ g and every ontinuous extensions
hY , gY ∈ Y ′ of h and g to Y , respetively, with hY ≤ gY there is anextension fY of f satisfying hY ≤ fY ≤ gY .Proof. 1=⇒ 2. Without loss of generality assume h = 0 and hY = 0. Oth-erwise replae h, f, g by h − h, f − h, g − h and gY by gY − hY , beause ifthere is a positive extension f̂ ∈ Y ′ of f − h with 0 ≤ f̂ ≤ gY − hY , thenthe funtional fY = f̂ + hY is an extension of f with hY ≤ fY ≤ gY .Let p : Y → R be dened by
p(x) = gY (x+).74
4.2. Linear extensions. . .First we show the sublinearity of p. Take arbitrary elements x, y ∈ Y .From x+, y+ ≥ 0 and x+ + y+ ≥ x + y it follows x+ + y+ ≥ (x + y)+. Then
p(x+y) = gY ((x+y)+) ≤ gY (x+ +y+) = gY (x+)+gY (y+) = p(x)+p(y)as well as for 0 ≤ λ ∈ R
p(λx) = gY ((λx)+) = gY (λx+) = λgY (x+) = λp(x).Furthermore, for x ∈ X with respet to the assumed inequality in 1. one has
p(x) = gY (x+)
≥ sup{gY (z) : z ∈ X, z ≤ x+}
= sup{g(z) : z ∈ X, z ≤ x+}
≥ sup{f(z) : z ∈ X, z ≤ x+}
≥ f(x).Altogether p is a sublinear funtional on Y , that dominates f on X. Dueto the Hahn-Banah theorem there is an extension fY of f on Y , that isdominated by p. If x ∈ Y+ then (−x)+ = 0 and
−fY (x) = fY (−x) ≤ p(−x) = gY (0) = 0,i. e. fY is positive. Furthermore,
fY (x) ≤ p(x) = gY (x)for x ∈ Y+, that means fY ≤ gY and onsequently ∣∣fY (x)∣∣ ≤ fY (|x|) ≤
gY (|x|) for eah x ∈ Y , i. e. fY is ontinuous.2=⇒ 1. By way of ontradition assume, that X does not possess theproperty 1. Then there are funtionals 0 ≤ f ≤ g on X, an element z ∈ Y+and a number δ with
sup{g(x) : z ≥ x ∈ X} < δ < sup{f(x) : z ≥ x ∈ X}. (4.6)Eah x ∈ X with z ≤ x yields x ∈ X+ and, onsequently f(x) ≤ g(x).This implies δ < sup{f(x) : z ≥ x ∈ X} ≤ inf{f(x) : z ≤ x ∈ X} ≤
inf{g(x) : z ≤ x ∈ X}.Now let (Ỹ , Ỹ+, ‖·‖Ỹ ) be the ordered normed spae with
Ỹ = {x + λz : x ∈ X, λ ∈ R} ⊆ Y,
Ỹ+ = Ỹ ∩ Y+,
‖y‖Ỹ = ‖y‖Y for y ∈ Ỹ .Let g̃ : Ỹ → R be the linear funtional dened by
g̃(x + λz) = g(x) + λδ x ∈ X, λ ∈ R. 75
4.2. Linear extensions. . .First we show, that g̃ is positive. Let y = x + λz ∈ Ỹ+. If λ = 0, thenone has y = x ∈ X+ and onsequently g̃(y) = g(x) ≥ 0. For λ > 0 theinequality x + λy ≥ 0 implies − 1
λ
x ≤ z and so g(− 1
λ
x) ≤ δ by (4.6), i. e.
g(x) ≥ −λδ what implies g̃(y) ≥ 0. For λ < 0 the inequality − 1
λ
x ≥ z followsand onsequently g(− 1
λ
x) ≥ δ. That means g(x) ≥ −λδ and so g̃(y) ≥ 0.Altogether one has, that g̃ is positive.To show the ontinuity of g̃ let y ∈ BỸ . Sine BỸ = BY ∩Ỹ the denitionof the standard norm on Y implies, that there is an element x ∈ 2BX with
Y ∋ |y| ≤ x, i. e. −x ≤ y ≤ x. The positivity of g̃ yields −2 ‖g‖ ≤ g(−x) =
g̃(−x) ≤ g̃(y) ≤ g̃(x) = g(x) ≤ 2 ‖g‖ and onsequently the ontinuity of g̃.Analogously to the proof of Theorem 4.2.1, one an nd a positive on-tinuous linear extension gY ∈ Y ′ of g̃ that is learly a positive ontinuouslinear extension of g, too. Sine for all positive extensions fY ∈ Y ′ of f therelation
gY (z) = δ < sup{f(x) : z ≥ x ∈ X} ≤ fY (z)holds, there is no positive extension of f on Y that is less then gY . Theorem 4.2.5. Let X be an ordered normed spae with losed one X+,whih is an order dense subspae of a vetor lattie Y . Let Y be normed bythe standard norm. If for all f ∈ X ′+ and y ∈ Y+
sup{f(x) : x ∈ X, x ≤ y} = sup{f(x) : x ∈ X+, x ≤ y},then for eah f, g, h ∈ X ′ with h ≤ f ≤ g and every ontinuous extension
hY , gY ∈ Y ′ of h, g respetively, with hY ≤ gY there is an extension fY ∈ Y ′of f with hY ≤ fY ≤ gY .Proof. We will show, that the presupposition implies the ondition 1 of The-orem 4.2.4. For that let f, g ∈ X ′+ be two funtionals with f ≤ g and let
z ∈ Y+. Then by assumption
sup{f(x) : x ∈ X, x ≤ z} = sup{f(x) : x ∈ X+, x ≤ z}
≤ sup{g(x) : x ∈ X+, x ≤ z}
= sup{g(x) : x ∈ X, x ≤ z}.
A speial ase, where the assumptions of Theorem 4.2.5 and hene theequivalent statements of Theorem 4.2.4 are fullled is if X is a vetor sub-lattie.Proposition 4.2.6. Let Y be a vetor lattie, X an order dense vetor sub-lattie of Y with a norm suh that the one X+ is losed and let Y be normedby the standard norm. Then for all f ∈ X ′+ and y ∈ Y+
sup{f(x) : x ∈ X, x ≤ y} = sup{f(x) : x ∈ X+, x ≤ y}.(And therefore, the statement of Theorem 4.2.5 holds.)76
4.2. Linear extensions. . .Proof. Let f and y as assumed. Then
sup{f(x) : x ∈ X+, x ≤ y} ≤ sup{f(x) : x ∈ X, x ≤ y}
≤ sup{f(x+) : x ∈ X, x ≤ y}
= sup{f(x) : x ∈ X+, x ≤ y}.
In ontrast to the property 1 of Theorem 4.2.4, in every ordered normedspae X that is an order dense subspae of some vetor lattie Y , for f, g ∈
X ′+ with f ≤ g and z ∈ Y+ the inequality
inf{f(x) : x ∈ X, z ≤ x} ≤ inf{g(x) : x ∈ X, z ≤ x} (4.7)holds. Indeed x ≥ z implies immediately the positivity of x and as a result
(g − f)(x) ≥ 0, i. e. f(x) ≤ g(x).The next example shows, that the equivalent onditions in Theorem 4.2.4do not hold in general. Consequently the presupposition of Theorem 4.2.5 isalso not satised. Nevertheless we examine both, the onditions in Theorem4.2.4 and the presupposition of Theorem 4.2.5.Let X = R3 = {x = ( x1 x2 x3 )T } equipped with the order, that isassoiated with the one X+ = {αz1 + βz2 + γz3 + δz4 : α, β, γ, δ ≥ 0},where
z1 =
(
0
1
−1
)
, z2 =
(
0
1
1
)
, z3 =
(
1
1
−1
)
, z4 =
(
1
1
1
)
.Let the norm on X be the maximum norm ‖x‖ = maxi=1,2,3 |xi|. We listsome properties of the ordered normed spae, that will be subsequentlyproved.(i) The positive one X+ is losed and reproduing.(ii) The norm is monotone.(iii) A linear funtional f = ( f1 f2 f3 ) ∈ X ′ is positive, if and only if |f3| ≤
f2 and f1 ≥ |f3| − f2.(iv) X does not satisfy the ondition of Theorem 4.2.5.(v) X does not satisfy the equivalent onditions of Theorem 4.2.4.Now in detail. Clearly the positive one X+ is losed. The reproduibilityof X+ is shown as follows. The set {z1, z2, z3} is linearly independent, thatmeans eah x ∈ X an be represented as x = λ1z1 + λ2z2 + λ3z3. Let x1be the sum of those vetors λizi, where λi is positive and x2 be the sum of77
4.2. Linear extensions. . .those vetors |λi| zi, where λi is negative (i = 1, 2, 3). Then x1, x2 ∈ X+ and
x = x1 − x2. Due to Theorem 1.5.4-1, X is pre-Riesz.To show the monotony of the norm let x = ( x1 x2 x3 )T ∈ X+. Then
|x3| ≤ x2 and 0 ≤ x1 ≤ x2. This implies ‖x‖ = x2. Therefore y ∈ X+ yields
‖x‖ ≤ ‖x + y‖, i. e. the norm is monotone.A linear funtional f = ( f1 f2 f3 ) ∈ X ′ is positive, if and only if |f3| ≤ f2and f1 ≥ |f3| − f2, whereas the rst inequality implies f2 ≥ 0. To show this,observe for x ∈ X+
f(x) = f(αz1 + βz2 + γz3 + δz4)
=
(
f1 f2 f3
)


γ + δ
α + β + γ + δ
−α + β − γ + δ


= α(f2 − f3) + β(f2 + f3) + γ(f1 + f2 − f3) + δ(f1 + f2 + f3).This expression is greater or equal to zero for arbitrary α, β, γ, δ ≥ 0, if andonly if f2 − f3, f2 + f3, f1 + f2 − f3, f1 + f2 + f3 ≥ 0 hold. The rst andseond inequalities imply |f3| ≤ f2 and the 3rd and 4th inequalities imply
f1 ≥ |f3| − f2.Now we show, that X does not satisfy the ondition of Theorem 4.2.5,that means we nd a vetor y ∈ X and a funtional f ∈ X ′ with
sup{f(x) : x ∈ X+, x ≤ y
+} < sup{f(x) : x ∈ X, x ≤ y+}.For that let y = ( 1 0 0 )T and f ∈ X ′+ be dened as f(x) = x1 for eah
x ∈ X. Obviously z3 − y = z1 and z4 − y = z2 hold, that means y ≤ z3, z4and onsequently y+ ≤ z3, z4 (in X̺). If x ∈ X+ satises x ≤ y+ then
x = 0 and onsequently sup{f(x) : x ∈ X+, x ≤ y+} = 0. Indeed, a positivevetor x with x ≤ y+ satises x ≤ z3, z4. The relation z3 − x ≥ 0 implies
|−1 − x3| ≤ 1 − x2 and onsequently 1 + x3 ≤ 1 − x2, i. e. x3 ≤ −x2. Theinequality z4 − x ≥ 0 yields |1 − x3| ≤ 1 − x2 and so 1 − x3 ≤ 1 − x2, i. e.
x2 ≤ x3. Altogether one has x2 ≤ −x2, i. e. x2 ≤ 0 and, due to the positivityof x even x2 = 0. Moreover |x3| ≤ x2 leads to x3 = 0 and 0 ≤ x1 ≤ x2 yields
x1 = 0, that means x = 0. Then
sup{f(x) : x ∈ X+, x ≤ y
+} = f(0) = 0
< 1 = f(y) ≤ sup{f(x) : x ∈ X, x ≤ y+}.Last we show, that X does not satisfy the ondition 1 of Theorem 4.2.4.Let y+ ∈ X̺ for y = ( 1 0 0 )T ∈ X, f, g ∈ X ′ with f(x) = x1 and g(x) = x2.Clearly g ∈ X ′+ and f ≤ g, sine x ∈ X+ implies x1 ≤ x2. As shown in (iv),
x2 ≤ 0 holds for all x ∈ X with x ≤ y+ ≤ z3, z4. This implies now
sup{g(x) : x ≤ y+} = 0 < 1 = f(y) ≤ sup{f(x) : x ≤ y+}.78
4.2. Linear extensions. . .Now we deal with the following question. Given a dereasing sequene
(fn) ⊆ X
′ with fn ↓ 0, is there a dereasing sequene f̺n ↓ 0 of funtionals
f̺n ∈ (X̺) suh that f̺n|X = fn for eah n ∈ N? The previous example makeslear, that f̺n an not be onstruted simply by extending f1 positively to
f̺1 on X̺ and then iteratively extending fi to f̺i with 0 ≤ f̺i ≤ f̺i−1 for
i = 2, 3, . . . Nevertheless there is a positive answer to this question.Theorem 4.2.7. Let X be a normed order dense subspae of a vetor lattie
Y with losed one X+. Let Y be standard normed and (fn) ⊆ X ′ a sequenewith fn ↓ 0. Then there is a sequene (fYn ) ⊆ Y ′ with (fYn ) ↓ 0 and fYn |X =
fn for all n ∈ N.Proof. The struture of the proof is the same as in the proof of the Hahn-Banah extension theorem, e. g. [AB99, Theorem 5.40℄. First we show, that
(fn) an be extended to a monotone sequene on a larger domain, that isdereasing to zero. The seond part says that this is enough to onlude theassertion.If X = Y then we are done, so assume there is an element y ∈ Y \ X.For eah n ∈ N, let the sequenes (ςnp )p ⊆ R and (ιnp)p ⊆ R be dened by4
ςnp =
n+p−1∑
i=n
sup
y≥x∈X
{(fi − fi+1) (x)} + sup
y≥x∈X
{fn+p(x)}
ιnp =
n+p−1∑
i=n
inf
y≤x∈X
{(fi − fi+1) (x)} + inf
y≤x∈X
{fn+p(x)}.Then the following properties hold.(i) ςnp ≤ ιnp holds for eah p ∈ N and n ∈ N, sine
ςnp =
n+p−1∑
i=n
sup
y≥x∈X
{(fi − fi+1) (x)} + sup
y≥x∈X
{fn+p(x)}
≤
n+p−1∑
i=n
inf
y≤x∈X
{(fi − fi+1) (x)} + inf
y≤x∈X
{fn+p(x)}
= ιnp .(ii) For eah n ∈ N the sequene (ςnp )p is inreasing and (ιnp)p is dereas-4As usual, the empty sum (for p=0) equals to zero. 79
4.2. Linear extensions. . .ing. Indeed, for arbitrary p ∈ N we have
ςnp =
n+p−1∑
i=n
sup
y≥x∈X
{(fi − fi+1) (x)}
+ sup
y≥x∈X
{(fn+p − fn+p+1) (x) + fn+p+1(x)}
≤
n+p−1∑
i=n
sup
y≥x∈X
{(fi − fi+1) (x)}
+ sup
y≥x∈X
{(fn+p − fn+p+1) (x)} + sup
y≥x∈X
{fn+p+1(x)}
=
n+p∑
i=n
sup
y≥x∈X
{(fi − fi+1) (x)} + sup
y≥x∈X
{fn+p+1(x)}
= ςnp+1as well as
ιnp =
n+p−1∑
i=n
inf
y≤x∈X
{(fi − fi+1) (x)}
+ inf
y≤x∈X
{(fn+p − fn+p+1) (x) + fn+p+1(x)}
≥
n+p−1∑
i=n
inf
y≤x∈X
{(fi − fi+1) (x)}
+ inf
y≤x∈X
{(fn+p − fn+p+1) (x)} + inf
y≤x∈X
{fn+p+1(x)}
=
n+p∑
i=n
inf
y≤x∈X
{(fi − fi+1) (x)} + inf
y≤x∈X
{fn+p+1(x)}
= ιnp+1.(iii) For eah n ∈ N the relation (ςnp )p ↑≤ ιn0 follows immediately from(i) and (ii). Therefore
tn = lim
p→∞
ςnpdenes a number tn ∈ R for n ∈ N, whereas tn ≤ ιn0 holds.80
4.2. Linear extensions. . .(iv) Moreover, for xed n ∈ N one has
tn − tn+1 = lim
p→∞
ςnp − lim
p→∞
ςn+1p
= lim
p→∞
ςnp+1 − lim
p→∞
ςn+1p
= lim
p→∞
[
ςnp+1 − ς
n+1
p
]
= lim
p→∞
[
n+p∑
i=n
sup
y≥x∈X
{(fi − fi+1) (x)} + sup
y≥x∈X
{fn+p+1(x)}
−
n+p∑
i=n+1
sup
y≥x∈X
{(fi − fi+1) (x)} − sup
y≥x∈X
{fn+p+1(x)}
]
= lim
p→∞
sup
y≥x∈X
{(fn − fn+1) (x)}
= sup
y≥x∈X
{(fn − fn+1) (x)}.Now we show, that (fn) an be extended to a dereasing sequene (f1n)with (f1n) ↓ 0 on the linear span of X ∪ {y}. Denote Xy = span{X, y} andorder and norm it by the indued order and norm of Y , respetively. Foreah z ∈ Xy there is a unique deomposition in the form z = x+λy, whereas
x ∈ X and λ ∈ R.Let f1n : Xy → R be dened by
f1n(x + λy) = fn(x) + λtnfor eah n ∈ N.Clearly f1n is linear.To show the positivity of f1n x n ∈ N and x + λy ≥ 0. We distinguishthe following three ases:
•λ = 0. Then x ≥ 0 and f1n(x + λy) = fn(x) ≥ 0.
•λ > 0. Then y ≥ − 1
λ
x and onsequently
fn
(
−
1
λ
x
)
≤ sup{fn(z) : y ≥ z ∈ X} = ς
n
0 ≤ tn.Therefore
f1n(x + λy) = −λfn
(
−
1
λ
x
)
+ λtn ≥ −λtn + λtn = 0.
•λ < 0. Then y ≤ − 1
λ
x and onsequently
fn
(
−
1
λ
x
)
≥ inf{fn(z) : y ≤ z ∈ X} = ι
n
0 ≥ tn. 81
4.2. Linear extensions. . .Therefore
f1n(x + λy) = −λfn
(
−
1
λ
x
)
+ λtn ≥ −λtn + λtn = 0.To see the ontinuity of f1n let z ∈ Xy with ‖z‖Y < 1. Due to thedenition of the norm ‖·‖Y (4.1), there is an element x ∈ X with −x ≤ z ≤ xand ‖x‖ ≤ 1. Sine f1n is positive we have ±f1n(z) ≤ f1n(x) = fn(x) ≤ ‖fn‖.What is left in the rst part of the proof is that (f1n) is dereasing tozero on Xy, i. e. f1n ≥ f1n+1 for eah n ∈ N and f1n(z) → 0 for any positiveelement z ∈ Xy and n → ∞. For that x n ∈ N and x + λy ≥ 0. Again wedistinguish the following three ases:
•The ase λ = 0 is trivial.
• If now λ > 0 then y ≥ − 1
λ
x and onsequently
(
f1n − f
1
n+1
)
(x + λy)
= (fn − fn+1) (x) + λ(tn − tn+1)
= −λ (fn − fn+1)
(
−
1
λ
x
)
+ λ(tn − tn+1)
≥ −λ sup
y≥z∈X
{(fn − fn+1)(z)} + λ(tn − tn+1) by (iv)
= −λ(tn − tn+1) + λ(tn − tn+1) = 0.
• If now λ < 0 then y ≤ − 1
λ
x and onsequently
(
f1n − f
1
n+1
)
(x + λy)
= −λ (fn − fn+1)
(
−
1
λ
x
)
+ λ(tn − tn+1)
≥ −λ inf
y≤z∈X
{(fn − fn+1)(z)} + λ(tn − tn+1)
≥ −λ sup
y≥z∈X
{(fn − fn+1)(z)} + λ(tn − tn+1) by (iv)
= −λ(tn − tn+1) + λ(tn − tn+1) = 0.Altogether we have (f1n(x + λy))n ↓ and f1n(x + λy) ≥ 0. Sine there is anelement x′ ∈ X+ with x + λy ≤ x′ we have f1n(x + λy) ≤ f1n(x′) = fn(x′)what yields (f1n(x + λy))n ↓ 0.For the seond part of the proof onsider the set of all pairs ((gn) , Z) ofpartial extensions of (fn) suh that
• Z is a subspae of Y with X ⊆ Z.
• gn : Z → R is a linear funtional with gn|X = fn and |gn(z)| ≤ ‖fn‖for eah n ∈ N and z ∈ Z ∩ BY .
• (gn) is dereasing to zero.82
4.2. Linear extensions. . .On this set introdue a partial order ((g1n) , Z1)  ((g2n) , Z2), whenever
Z1 ⊆ Z2 and g2n|Z1 = g1n for eah n ∈ N.Let ((gαn) , Zα) be a hain. Let Z = ⋃α Zα and for every n ∈ N thefuntional gn : Z → R be dened by gn(z) = gαn(z) for z ∈ Zα. This deni-tion is orret, what an be proved in the usual way. Eah gn is linear and
|gn(z)| ≤ ‖fn‖ holds for z ∈ Z as well as gn|X = fn. Furthermore, (gn) isdereasing to zero on Z and X ⊆ Z. That means the hain ((gαn) , Zα) isbounded by ((gn) , Z).By Zorn's Lemma there is a maximal extension (fZ∗n ) of (fn) dened onsome subspae X ⊆ Z∗ ⊆ Y suh that (fZ∗n ) ↓ 0 on Z∗ and eah fZ∗n isbounded on Z∗ ∩ BY by ‖fn‖. The rst part of the proof shows, that Z∗must be the whole Y . Before we present a slight generalization of the previous theorem we showthat under few presuppositions the dual spae of an ordered normed spaehas the following property. Every order bounded dereasing and inreasingnet of funtionals possesses its greatest lower bound and its smallest upperbound, respetively.Proposition 4.2.8. Let X be an ordered normed spae with an M -domina-ting positive one X+. If (fα) ⊆ X ′ with f ≤ fα ↓ then there is a funtional
g ∈ X ′ with fα ↓ g and (fα) onverges in the weak* topology to g, i. e.
fα(x) → g(x) for all x ∈ X.Proof. Dene g : X → R by
g(x) =
{
infα{fα(x)} x ≥ 0
infα{fα(x1)} − infα{fα(x2)} else,where x is represented as x = x1 − x2 with xi ∈ X+ in the ase x 6∈ X+.First we show, that g is additive on X+. If x, y ∈ X+ then
g(x + y)
= inf
α
{fα(x + y)}
= inf
α
{fα(x) + fα(y)}
≥ inf
α
{fα(x)} + inf
β
{fβ(y)}
= g(x) + g(y)
= inf
α,β
{fα(x) + fβ(y)}...For eah indexes α0 and β0, there is some index γ0 with γ0 ≥ α0, β0. Sinethe net (fα) is monotone dereasing, fγ0(x) ≤ fα0(x) and fγ0(y) ≤ fβ0(y)and onsequently we an ontinue with...
≥ inf
α,β,γ
{fγ(x) + fγ(y) : γ ≥ α, β}
= g(x + y). 83
4.2. Linear extensions. . .Next we show, that g is well dened. For that take an arbitrary x =
x1 − x2 = x̃1 − x̃2 with x1, x2, x̃1, x̃2 ∈ X+. Then x1 + x̃2 = x2 + x̃1 holdsand therefore
g(x1 − x2) − g(x̃1 − x̃2) = g(x1) − g(x2) − g(x̃1) + g(x̃2)
= g(x1 + x̃2) − g(x2 + x̃1)
= 0.To show, that g is additive on whole X, let x, y ∈ X and x = x1 − x2,
y = y1 − y2 with x1, x2, y1, y2 ∈ X+. Then
g(x) + g(y) = g(x1) − g(x2) + g(y1) − g(y2)
= g(x1 + y1) − g(x2 + y2)
= g(x + y).Clearly g(λx) = λg(x) holds for x ∈ X+ and λ ≥ 0 whih leads to
g(λx) = λg(x) for all x ∈ X and λ ∈ R. Altogether g is a linear funtionalon X.To show the ontinuity of g rst mention, that
0 ≤ g(x) − f(x) ≤ fα0(x) − f(x) (4.8)for an arbitrary α0 and every x ∈ X+. This means the linear funtional g−fis positive and bounded on X+ ∩BX . Sine X+ is M -dominating, for every
x ∈ BX there are elements y1, y2 ∈ X+ ∩ MBX with −y1 ≤ x ≤ y2. Theinequality (4.8) implies
|(g − f)(x)| ≤ (g − f)(y1 + y2) ≤ (fα0 − f)(y1 + y2) ≤ 2M ‖fα0 − f‖ .That means g − f and therefore g is bounded on BX and hene ontinuous.If h ∈ X ′ suh that h ≤ fα for all α, then h(x) ≤ inf{fα(x)} = g(x) forall x ∈ X+, i. e. h ≤ g and onsequently fα ↓ g.The weak* onvergene follows immediately from the denition of g. Conlusion 4.2.9. Let X be an ordered normed spae with a losed Md-dominating one X+ and an Mm-monotone norm ‖·‖, whih is order densein a vetor lattie Y . Let Y be equipped with the standard norm. If (fn) ⊆ X ′suh that (fn) ↓≥ f and f ∈ X ′ with fn ≥ f for eah n ∈ N, then there area sequene (fYn ) ⊆ Y ′ and a funtional fY ∈ Y ′ with (fYn ) ↓, fYn ≥ fY and
fYn |X = fn for all n ∈ N as well as fY |X = f .Proof. Due to Proposition 4.2.8 there is a linear ontinuous funtional g ∈ X ′with
(fn) ↓ g ≥ f.84
4.3. The weak topologyHene (fn − g) ↓ 0. Due to Theorem 4.2.7 the sequene (fn − g) an beextended to (fn − g)Y ⊆ Y ′ with (fn − g)Y ↓ 0.Sine g ≥ f , e. g. g − f ≥ 0, there is a positive extension (g − f)Y ∈ Y ′of the funtional g − f (see Corollary 4.2.2).Sine the norm of X is Mm-monotone, Theorem 1.5.2 implies, that X ′is reproduing. Therefore g an be expressed as the dierene g = g1 − g2of two positive funtionals g1, g2 ∈ X ′. Applying Corollary 4.2.2 on g1 and
g2 yields extensions gY1 , gY2 ∈ Y and onsequently gY = gY1 − gY2 ∈ Y ′ with
gY |X = g. Then fYn = (fn − g)Y + gY is an extension of fn on Y for eah
n ∈ N and fY = gY − (g − f)Y is an extension of f on Y whereas
(
fYn
)
↓ gY ≥ gY − (g − f)Y = fY .
4.3 The weak topologyIn the theory of normed vetor latties many results regarding the weakand weak* topology are well known, for instane about the weak and weak*onvergene of disjoint or dereasing sequenes and nets. In this setionsome of these results will be arried over to the more general ase of orderednormed spaes.For this, two approahes are hosen: First we study some questions, thatan be answered without the help of lattie operations, suh that some wellknown lattie results an be diretly generalized to ordered spaes. Seond,suh ordered normed spaes X will be investigated, that an be order denselyembedded into a normed vetor lattie Y (see 4.2). Then, to answer somequestions, regarding the weak and weak* topology on X and X ′ respetively,we use the idea of extension of linear ontinuous funtionals on X linearlyand ontinuously to Y as desribed in 4.2 and apply known lattie results.The rst approahFirst we reall the following theorem that is well known from the theory ofnormed spaes (see e. g. [AB85, Theorem 10.13℄).Theorem 4.3.1 (Eberlein-muljan). A subset S of a normed spae X isrelatively weakly ompat (respetively weakly ompat), if and only if everysequene in S has a subsequene, that onverges weakly to an element in X(respetively in S).It is well known, that in a Banah lattie every disjoint sequene in thesolid hull of a relatively weakly ompat subset onverges weakly to zero(see e. g. [AB85, Theorem 13.3℄). Instead of sequenes in the solid hull werestrit ourselves to sequenes in relatively weakly ompat subsets. 85
4.3. The weak topologyBefore we formulate the next result, we need the following denition. Let
X be a Banah spae. A sequene (xn) ⊆ X is alled a basis (or Shauderbasis), if for every x ∈ X there is an unique sequene of salars (αn) suhthat
n∑
i=1
αixi
n→∞
−−−→ xholds. We will write x = ∑n αnxn. If (xn) ⊆ X is a basis in the losedsubspae span{xn : n ∈ N}, then it is alled a basi sequene.Theorem 4.3.2. Let S ⊆ X be a relatively weakly ompat set of a Banahspae X. If (xn) ⊆ S is a basi sequene, then (xn) onverges weakly to zero.Proof. Let S ⊆ X and (xn) ⊆ S a basi sequene. We will show, that everysubsequene of (xn) has a subsequene, that onverges weakly to zero.Sine S is weakly ompat, every subsequene of (xn) has a weakly on-vergent subsequene (Theorem 4.3.1). Let (xn)n∈N with N ⊆ N be suha subsequene5 that onverges weakly to some element x ∈ X and suppose
x 6= 0. Let Y ⊆ X be the losed subspae
Y = span{xn : n ∈ N}.Then we examine the following two ases.1. Let x ∈ Y . Due to [Sin70, Proposition I.4.1℄ (xn)n∈N is a basis in Y ,i. e. x = ∑n∈N αnxn for some salars αn, n ∈ N . Due to [Sin70,Theorem I.3.1℄ there are linear ontinuous funtionals fn on Y with
fn(x) = αn for n ∈ N . In partiular, fn(xm) = 0, whenever n 6= m.Sine x is not zero, there is a number n0 ∈ N suh that αn0 6= 0. Thefuntional fn0 is ontinuously extendable on the whole spae X (see[NB85, Theorem 8.4.6℄). Then
lim
m∈N, m→∞
fn0(x − xm) = lim
m∈N, m→∞
(
fn0
(
∑
n∈N
αnxn
)
− fn0(xm)
)
= αn0 − lim
m∈N, m→∞
fn0(xm)
= αn0 6= 0,ontraditing that (xn)n∈N onverges weakly to x.2. If x is not in Y . Sine Y is losed, there exists a ball entered at xthat is disjoint to Y . Sine Y is onvex, x and Y an be stronglyseparated by a funtional f (see e. g. [AB99, Theorem 5.50℄), i. e.5To prevent double (and triple) indexes, we denote a subsequene of (xn) by (xn)n∈N ,whereas N is the (innite) set of indexes of the subsequene.86
4.3. The weak topology
f(x) < s ≤ f(y) for all y ∈ Y and some number s ≤ 0. In partiular,
f(x) < s ≤ f(xn) for all n ∈ N ontraditing that (xn)n∈N onvergesweakly to x.Altogether x = 0 follows. Now we apply Theorem 4.3.2 to disjoint sequenes in ordered normedvetor spaes.Corollary 4.3.3. Let S ⊆ X be a relatively weakly ompat subset of X and
(xn) a disjoint sequene in S. If one of the following holds:1. X is an normed pre-Riesz spae with Md-dominating one X+ and an
Mm-monotone norm,2. X is a normed vetor lattie,then (xn) onverges weakly to 0 ∈ X.Proof. 1. First we mention, that by Proposition 1.4.2 the one X+ is abso-lutely M1-dominating for some onstant M1 and by Proposition 1.4.1 thenorm is absolutely M2-monotone for some M2.Let X be the norm ompletion of X. Without loss of generality assume
xn 6= 0 for all n ∈ N.In order to show that (xn) is a basi sequene in X , we establish, thatthere exists a onstant C suh that
∥∥∥∥∥
n∑
i=1
αixi
∥∥∥∥∥ ≤ C
∥∥∥∥∥
n+m∑
i=1
αixi
∥∥∥∥∥ (4.9)holds for all positive integers n,m and all salars α1, . . . , αn+m. Then dueto [Sin70, Theorem I.7.1℄ the sequene (xn) is a basis in the subspae Y =span{xn : n ∈ N} of X and hene a basi sequene in X . Sine S is relativelyweakly ompat as a subset of X, Theorem 4.3.2 an be applied, what yieldsthe assertion.For the inequality (4.9) let y1 = ∑ni=1 αixi and y2 = ∑n+mi=n+1 αixi. Dueto [GK04, Corollary 2.2℄, y1 and y2 are disjoint vetors in X. Sine X+ isabsolutely M1-dominating, there is some z ∈ X+ with −z ≤ y1 + y2 ≤ zand ‖z‖ ≤ M1 ‖y1 + y2‖. Proposition 3.1.1 leads to −z ≤ y1 ≤ z. Then
‖y1‖ ≤ M2 ‖z‖, what shows that the inequality (4.9) holds with C = M1M2.2. This is a speial ase of statement 1 and is already well known, even fordisjoint sequenes in the solid hull of S (see e. g. [AB85, Theorem 13.3℄). The norm of a normed vetor lattie is always absolutely monotone andthe one is absolutely dominating (see 1.4). Ordered normed spaes donot possess these properties, in general. The following theorems show, thatsome results, that are known for normed vetor latties, an be extended87
4.3. The weak topologyto arbitrary ordered normed spaes, only provided, that the positive one isabsolutely dominating, other result remains true in the general ase, as soonas the norm is always absolutely monotone.Theorem 4.3.4. Let X be an ordered normed spae with an M -monotonem≤-norm ‖·‖. Then every norm bounded disjoint sequene in X onvergesweakly to zero.Proof. Let (xn) ⊆ X be a disjoint sequene, where without loss of generality,
‖xn‖ < 1 may be assumed for all n. We will show f(xn) → 0 for eah f ∈ X ′.It sues to show the onvergene only for f ≥ 0. Then the generalase follows, beause the M -monotoniity of the norm in X implies that thedual one is reproduing and therefore any funtional g ∈ X ′ an be writtenas g = g1 − g2 for some g1, g2 ∈ X ′+. If gi(xn) → 0 (i = 1, 2) holds, then
g(xn) → 0.By way of ontradition, assume there is a funtional f ≥ 0 with f(xn) 9
0. That means there is a subsequene (yn) ⊆ (xn) and ε0 > 0 with |f(yn)| ≥
ε0 for all n. Without loss of generality assume that f(yn) ≥ ε0. Otherwisereplae xn by sgn(f(xn))xn for every n ∈ N and notie that f(xn) 9 0 ifand only if f(sgn(f(xn))xn) 9 0, where the sequene (sgn(f(xn))xn) is alsodisjoint.Sine ‖·‖ in partiular is an m≤-norm, Theorem 2.2.3 yields, that theinequality inf{‖v‖ : − v ≤ y1, . . . , yn ≤ v} ≤ max{‖y1‖ , . . . , ‖yn‖} holdsfor eah n ∈ N. Sine max{‖y1‖ , . . . , ‖yn‖} < 1 for eah n ∈ N, thereis a sequene (vn) with ‖vn‖ ≤ 1 and −vn ≤ y1, . . . , yn ≤ vn for all n.Proposition 3.1.1-3b implies, that for all natural numbers n the relation
−vn ≤
∑n
i=1 yi ≤ vn holds and due to the positivity of f one has for all
n ∈ N
nε0 ≤
n∑
i=1
f(yi) = f
(
n∑
i=1
yi
)
≤ f(vn) ≤ ‖f‖ ,whih is a ontradition if n is suiently large. Therefore f(xn) → 0. Theorem 4.3.5. Let X be an ordered normed spae with an M -dominatingpositive one X+, (fα) ⊆ X ′ with fα ↓ 0 and S ⊆ X+ relatively weaklyompat. Then (fα) onverges uniformly to 0 on the onvex hull of S.Proof. Without loss of generality let S be weakly ompat. Let ε > 0. Wewill show, that there exists an index α0 suh that fβ(x) < ε for all β ≥ α0and all x ∈ conv(S).Denote by Uα the weakly open neighborhoods of zero in X
Uα = {x ∈ X : fα(x) < ε}.Due to Proposition 4.2.8 fα(x) onverges to 0 for all x ∈ S. That means,for every x ∈ S there is an index αx suh that x ∈ Uαx . Hene ⋃α Uα is a88
4.3. The weak topologyweakly open over of S. Then there exists a nite subover ⋃i=1,...,n Uαi of
S. Let α0 be an index with α0 ≥ αi for i = 1, . . . , n. Sine eah x ∈ S ispositive and belongs to some set Uαi , the relation fα0(x) < ε holds for every
x ∈ S and, onsequently, fβ(x) < ε for all β ≥ α0. This proves the uniformonvergene on S.Now let x be an element in the onvex hull of S, i. e. x =∑ni=1 λixi with
0 ≤ λi, ∑ni=1 λi = 1 and xi ∈ S. As already shown, there is some index α0suh that fβ(xi) < ε for all β ≥ α0 and all i = 1, . . . , n. Then
fβ(x) = fβ
(
n∑
i=1
λixi
)
=
n∑
i=1
λifβ(xi) <
n∑
i=1
λiε = ε.
Theorem 4.3.6. Let X be an ordered normed spae with an Md-dominatingone X+ and an Mm-monotone norm. Let S′ ⊆ X ′+ be a relatively weaklyompat subset. Then every positive order bounded disjoint sequene in Xonverges uniformly to 0 on the onvex hull of S′.Proof. Without loss of generality assume S′ to be weakly ompat. Let (xn)be a disjoint sequene and y ∈ X suh that 0 ≤ xn ≤ y holds for all n ∈ N.Proposition 3.1.1-3b implies 0 ≤ ∑ni=1 xi ≤ y for all n. Consequently, thesequene
(zn)n =
(
y −
n∑
i=1
xi
)
nis dereasing, in partiular 0 ≤ (zn) ↓. Let Φ: X → X ′′ be the naturalisomorphism Φ(x)(f) = f(x) for f ∈ X ′+. If f ∈ X ′+ and n1 < n2 then
zn1 ≥ zn2 and
Φ (zn1) (f) = f (zn1) ≥ f (zn2) = Φ (zn2) (f),i. e. the sequene (Φ (zn)) is dereasing and learly 0′′ ≤ (Φ (zn)) ↓.Sine ‖·‖ is Mm-monotone, the dual one is reproduing (Theorem 1.5.2)and hene X ′′+ a one (Theorem 1.5.1). Due to the Theorems of Krein andAnd (Theorems 1.5.2 and 1.5.3) and the subsequent remark, X ′′+ is Md-dominating. Therefore Proposition 4.2.8 an be applied, suh that there is afuntional F ∈ X ′′ with (Φ (zn)) ↓ F and hene (Φ (zn) − F ) ↓ 0′′. Theorem4.3.5 implies that the sequene (Φ (zn) − F ) onverges uniformly to 0′′ on
conv(S′).That means for ε > 0 there is an index n0, suh that for eah m ≥ n0and all f ∈ conv(S′)
|(Φ(zm) − F ) (f)| ≤
ε
2
. (4.10)89
4.3. The weak topologyBeause of xn = zn−1 − zn for eah n > 1, the equation (4.10) impliesfor eah m ≥ n0 + 1 and all f ∈ conv(S′)
|f(xm)| = |f(zm−1) − f(zm)|
= |(Φ(zm−1) − F ) (f) − (Φ(zm) − F ) (f)|
≤ |(Φ(zm−1) − F ) (f)| + |(Φ(zm) − F ) (f)|
≤ ε.In other words (xn) onverges uniformly to 0 on conv(S′). The seond approahIn setion 4.2 we have shown, that eah normed pre-Riesz spae X withan Mm-monotone norm and an losed Md-dominating positive one, an bebi-positively and isometrially (up to an equivalent norm) embedded ontoan order dense subspae of a normed vetor lattie Y . In partiular, we anhoose Y to be the Riesz ompletion X̺ of X equipped with a suitable norm(Conlusion 4.1.2). In addition, positive linear ontinuous funtionals on Xare extendable to positive linear ontinuous funtionals on X̺ (Corollary4.2.2). These and other results of setion 4.2 will be used to onsider somequestions onerning the weak topology on normed pre-Riesz spaes. Wewant to point out that due to Theorems 1.1.9 and 1.4.4 eah ordered normedspae with a losed M -dominating one X+ is a pre-Riesz spae. That means,when X is a normed pre-Riesz spae with a losed M -dominating positiveone, then these suppositions are learly redundant, however we want toemphasize, that we apply the results of 4.1 and 4.2.First we introdue the notion of solid sets for general ordered vetorspaes. A subset S ⊆ X of an ordered vetor spae X is alled solid if
x ∈ X, y ∈ S and {z ∈ X : − z ≤ y ≤ z} ⊆ {z ∈ X : − z ≤ x ≤ z} imply
x ∈ S.In [Ng72℄ the following denition of a solid subset in an ordered spae Xis introdued. S ⊆ X is alled solid, if it has both of the properties:1. For eah y ∈ S there exists x ∈ S with ±y ≤ x.2. If x ∈ S, y ∈ X and ±y ≤ x then y ∈ S.Evidently, if X is a vetor lattie, the ommon denition (a set is alledsolid, whenever x ∈ X, y ∈ S and |x| ≤ |y| imply x ∈ S), the denition of asolid set aording to [Ng72℄ and the above denition are all equivalent. Inthe general ase of an ordered vetor spae X a set S ⊆ X is solid, if it issolid aording to the denition of [Ng72℄. In a later example we will show,that the inverse impliation does not hold, i. e. we present an example of asolid set in an ordered spae, that is not solid with respet to [Ng72℄.90
4.3. The weak topologyThe solid hull of S ⊆ X is the smallest solid set ontaining S (notation
sol(S)). Note that
sol(S) = {x ∈ X : ∃y ∈ S suh that (z ∈ X, ±y ≤ z) ⇒ ±x ≤ z} .This equation is a generalization of the well known haraterization ofthe solid hull of an subset S in a vetor latties X
sol(S) = {x ∈ X : ∃y ∈ S with |x| ≤ |y|}.A solid subspae of an ordered vetor spae is alled an ideal . The idealgenerated by a subset S is the intersetion of all ideals, that inlude S.The following example shows, that a solid subset of an ordered spae mayfail to satisfy the onditions of solid sets, aording to [Ng72℄.Let X ⊆ C[0, 1] be the vetor spae of all polynomials of maximal degreethree, with the indued order C[0, 1], i. e.
X =
{
x : [0, 1] → R : x(t) = at2 + bt2 + ct + d, a, b, c, d ∈ R} ,
X+ = {x ∈ X : x(t) ≥ 0, t ∈ [0, 1]} .Let y ∈ X and S ⊆ X be dened by
y(t) =
64
3
t3 − 32t2 +
32
3
t
S = sol({y}) = {x ∈ X : (z ∈ X, ±y ≤ z) ⇒ ±x ≤ z} .The vetors y and −y, an element x̃ ∈ S that is not equal to y and −y,respetively, and an element z ∈ X satisfying −z ≤ y ≤ z are skethed ingure 4.3.
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4.3. The weak topologyAordingly to the proof of the relation (4.4), one an show
inf {z(t) : ± y,≤ z ∈ X} = |y(t)|for eah t ∈ [0, 1]. Therefore x ∈ X is an element of S, if and only if
|x(t)| ≤ |y(t)| for eah t ∈ [0, 1]. In partiular, x(0) = x (12) = x(1) = 0 foreah x ∈ S. Consequently S ∩ X+ = {0} and therefore, there is no positiveelement in S that is greater then y. That means, S does not satisfy theondition 1 of the denition for solid sets, aording to [Ng72℄. This nishesthe example.If X is a pre-Riesz spae and X̺ its Riesz ompletion, then the solid hullof S ⊆ X is expeted to be a subset of the solid hull of S onsidered in X̺,as, in partiular, it is shown in the next lemma.Lemma 4.3.7. Let X be an order dense subspae of the vetor lattie Y and
S a subset of X. Then, the solid hull of S in X is a subset of the solid hullof S in Y .Proof. Let x ∈ X be an element of the solid hull of S, i. e. there is a vetor
y ∈ S with
{z ∈ X : − z ≤ y ≤ z} ⊆ {z ∈ X : − z ≤ x ≤ z}.By means of the order density of X in Y , the relation
|y| = inf{z ∈ X : ± y ≤ z} ≥ inf{z ∈ X : ± x ≤ z} = |x|holds in Y . In other words, x is an element of the solid hull generated by Sin Y . The following theorem ontains a result, similar to that of Corollary4.3.3-1, for the speial ase of a normed pre-Riesz spae. In this situation wean show the weak onvergene to zero of disjoint sequenes even in the solidhull of weakly ompat subsets. Furthermore, the proof shows, how somequestions, formulated for pre-Riesz spaes, an be transfered to questions onvetor latties and hene answered with the help of the well known resultsin the Riesz spae theory.Theorem 4.3.8. Let be X a normed pre-Riesz spae with an Mm-monotonenorm and a losed Md-dominating positive one, S ⊆ X relatively weaklyompat. Then every disjoint sequene in the solid hull of S onverges weaklyto zero.Proof. Let (xn) be a disjoint sequene in the solid hull of S, X̺ the normedRiesz ompletion of X. Due to [GK04, Theorem 4.1℄ (xn) remains a disjointsequene in X̺. Lemma 4.3.7 implies, that (xn) is inluded in the solid hullof S in X̺.92
4.3. The weak topologySine by Conlusion 4.1.2 the norm of X̺, restrited to X, is equivalentto the original norm of X, Lemma 4.1.3 an be applied, whih yields that Sis also relatively weakly ompat as a subset of X̺ and, onsequently, of thenorm ompletion X̺ of X̺.To nish the proof let f ∈ X ′. Sine X+ is Mm-monotone, f an berepresented as f = f1 − f2, where f1, f2 ∈ X ′+ (Theorem 1.5.2). Corollary4.2.2 applied to f1 and f2 yields a linear ontinuous extension of f to X̺and onsequently, a linear ontinuous extension f̺ to X̺. Due to [AB85,Theorem 13.3℄
f(xn) = f
̺(xn) → 0.
Theorem 4.3.9. Let X be a normed pre-Riesz spae with an Mm-monotonenorm and a losed Md-dominating one, S ⊆ X a relatively weakly ompatset and fn ↓ 0 in X ′. Then (fn) onverges uniformly to zero on the onvexsolid hull of S.Proof. Let X̺ be the normed Riesz ompletion of X. Due to Theorem 4.2.7
(fn) an be extended to a sequene (f̺n) on X̺ that is dereasing to zero.Aording to Lemma 4.1.3 the set S is also relatively weakly ompat asa subset of X̺. Due to [AB85, Theorem 13.7(1)℄ (f̺n) onverges uniformlyto zero on the onvex solid hull of S (in X̺). Sine, due to Lemma 4.3.7,the solid hull of S in X is a subset of the solid hull of S in X̺, the sequene
f̺n onverges uniformly to zero, in partiular, on the onvex solid hull of Sin X. It remains to mention f̺n|X = fn. Theorem 4.3.10. Let be X a normed pre-Riesz spae with an Mm-monotonenorm and a losed Md-dominating positive one, S ⊆ X a relatively weaklyompat set and (fn) an order bounded disjoint sequene in X ′+. Then (fn)onverges uniformly to zero on the onvex solid hull of S.Proof. Let f ∈ X ′ suh that 0 ≤ fn ≤ f for all n ∈ N. For eah n dene
gn ∈ X
′
+ by
gn =
n∑
i=1
fi.Then (gn) is a monotone inreasing sequene with gn⊥fn+1 for all n ∈ N([GK04, Corollary 2.2℄) and 0 ≤ gn ↑≤ f (Proposition 3.1.1-3b). It followsfrom Proposition 4.2.8 that there is a funtional g ∈ X ′ with (gn) ↑ g and,onsequently, (g − gn) ↓ 0.Due to Theorem 4.2.7 (g− gn) an be extended to a dereasing sequene
(g̺n) ↓ 0 of positive funtionals on X̺, where X̺ the Riesz ompletion of
X. By the same argument as in the proof of the previous theorem ([AB85,93
4.3. The weak topologyTheorem 13.7(1)℄) the sequene (g̺n) onverges uniformly to zero on theonvex solid hull of S and, onsequently, (gn) onverges uniformly to g onthe onvex solid hull of S in X.Now let ε > 0 and n0 be suh that |gm(x) − g(x)| < ε holds for all
m ≥ n0 and eah x ∈ X lying in the onvex solid hull of S. Then for all
m ≥ n0 + 1 one has
|fm(x)| = |gm(x) − gm−1(x) + g(x) − g(x)|
≤ |gm(x) − g(x)| + |gm−1(x) − g(x)|
≤ 2ε.

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